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PREFACE 


All structures are designed from experience; the importance of the 
statement is not diminished by the fact that it needs very judicious 
interpretation. The object of analysis is to extend the range of ex¬ 
perience, to give a correct basis for comparison between the structure 
that has been built and the structure that is to be built by picturing 
their relative distortions. Great architects and builders have always 
drawn these pictures of deformation, must draw them to build; but 
they have often found difficulty in giving values for the strains and 
stresses represented. 

This text is written in the hope that it may help structural engineers 
to picture deformations in frames clearly and accurately. The book 
emphasizes — it can scarcely overemphasize — the importance of these 
pictures and the elementary nature of the geometry involved in draw¬ 
ing them. In developing the methods used here a conscious effort has 
been made to utilize the common sense of the profession. If these 
methods are revised in the future, it will be in the direction of simpler 
pictures, fewer technical terms, fewer special cases. 

This is not a book on design — that should occupy a separate volume 
— nor is it a general treatise on the mechanics of statically indeterminate 
structures. It makes no attempt to present all methods of analysis, 
but adheres closely to a small group of geometrical methods which have 
been evolved over a period of years to meet the needs of seniors and 
graduate students, and which many engineers have already found of 
great value in practical design. Much of the material is new; some of 
it has been presented by the senior author in various technical publica¬ 
tions. Slabs and space frames are excluded. An examination of the 
table of contents will further indicate the scope. 

The title refers specifically to reinforced concrete because most of the 
problems discussed occur so frequently in that field. Much of the ma¬ 
terial and aU of the methods included are applicable also to structures 
of steel, but a similar book on that subject would include other 
problems and would treat many of those here discussed with quite 
different emphasis. 

The fundamental method used is moment distribution and its ana¬ 
logue, shear distobution. Experience at several universities shows that 
students quickly grasp these methods and hence have time to go on to 
some discussion of design, of What are you going .to do about 

m 
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Thus they escape the danger of finishing their study of indeterminate 
structures without understanding the application of analysis to design — 
all dressed up intellectually, but not knowing where to go. The column 
analogy and its corollaries, moment areas and stress areas, are presented 
as auxihary tools for determining constants for the individual members 
in the frames. 

Professor F. T. Mavis, of the University of Iowa, very kindly read the 
original manuscript and both he and Professor Hale Sutherland, of Lehigh 
University, made valuable suggestions. 


H. C. 

N. D. M. 


XJkbana, Illinois 
Septetnber, 1932 . 
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CONTINUOUS FRAMES 
OF REINFORCED CONCRETE 


CHAPTER I 
INTRODUCTION 

General Considerations on Continuity- Continuity affects very much 
the moments in a structure and affects appreciably the shears and re¬ 
actions. It does not require any great amount of mathematics to see 
that this is true. It is a matter of common observation that, where a 
beam is rigidly connected to another beam or to a column, bending in 
one member will produce bending in the others. In structures of rein¬ 
forced concrete, reinforcing steel must be provided for the forces pro¬ 
duced, otherwise cracking will lead to unsightly appearance and pos¬ 
sibly to failure of the structure. 

In many cases we can sketch the shape taken by the deflected struc¬ 
ture, see where cracking might occur, add reinforcing steel to prevent 
it and be satisfied. If, however, the structure is important and we 
wish to know accurately how much steel or concrete is needed, we will 
make a more thorough investigation. But it is important to recognize 
clearly that we do not want to carry this investigation beyond the point 
where it will influence the design; we must always remember that what 
we want is a structure, not merely an analysis. 

It is almost necessary to study our subject in the order: methods of 
analysis; a consideration of physical constants; a consideration of the 
application of these values to design. But the engineer must often 
approach the subject in the reverse order; certainly its phases assume 
importance to him in reverse order. First, what can he do vith these 
analyses; then what value shall he choose for the physical constants; 
finally how will he analyze it? A difficulty in the past has been that 
the student approached the matter in the succession of analysis, con¬ 
stants, design. The practical designer was forced to approach the 
subject in the order of design, constants, analysis. The student became 
so involved in methods of analysis that he never got far enough to con¬ 
sider the uncertainty of physical constants or the elements of judgment 
involved in design. The busy designer, knowing well enough what 
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values he wanted for his design, recognizing quite well the uncertainty 
of the physical constants, never had time and frequently had little in¬ 
clination to devote much effort to analysis. 

One of the greatest problems in this field, as it has been in all fields of 
structural work, is to simplify the principles at both ends so as to make 
it possible for a man to correlate his knowledge. The analysis of a 
structure for continuity should be less complicated than the determina¬ 
tion of anchorage and stirrup spacing under some specifications. Many 
writers on the subject of reinforced concrete seem to have held a strange 
philosophy which attempts to substitute exact rules in every detail for 
the judgment of the designer and builder. Some rules must check judg¬ 
ment, but there is not and will never be any substitute for the sound 
judgment of the designer. All that we can hope to do is to furnish simple 
and usable tools of analysis as aids to that judgment. Analysis must 
be thought of as a guide to judgment, not as a substitute for it. 

In the design of an important indeterminate structure, two analyses 
of the forces and moments are usually needed. The first analysis is 
necessarily more or less approximate, and it is essential that it be made 
quickly. The structure designed from this analysis should usually be 
so near the final structure that the designer can proceed to detailing 
and to estimates of quantities. A final analysis is needed to check the 
stresses in the structure as designed. 

Of these two analyses the preliminary one requires greater skill. 
It need not be very precise, but it should not .overlook any important 
factors. The effect of mi nor variations in proportions and of the less 
important elements in analysis may be determined in the final analysis. 

Analysis of the shears and bending moments in a continuous structure 
implies knowledge from three sources. First and foremost are the laws 
of statics; anyone who does not clearly understand these laws and their 
application to structural analysis is wasting time in attempting to study 
continuous structures at all. Second are the facts of geometry; these 
appear in various forms in the literature of indeterminate structures, 
but always the fundamental geometrical facts are very simple and very 
familiar. Finally, the properties of the materials enter to some extent 
into the problem; Hooke’s Law is usually assumed, and the moduli 
of elasticity of the component parts of a structure are involved. 

In most problems of determining the moments, shears and reactions, 
the properties of the material are not very important; the principles 
involved are nearly all from statics and geometry, matters about which 
there can be no question. In the design of the structure to resist these 
forces we are, of course, concerned very largely with the properties of 
the materials. If we can accurately picture the deformation of the 
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structure under load, we can analyze it by statics alone. The methods 
of analysis serve to make this picture accurate; but unless, after we 
have analyzed a structure, we can draw its deflected shape, we do not 
know what we are talking about. Moreover, the exact analysis is no 
more scientific — though it is more exact — than is the elementary 
process of drawing a consistent picture of the deformed structure by 
sketching. 

No indeterminate analysis — no structural analysis of any kind — 
is complete until the computer has satisfied himself: 

(1) That the forces balance, at least within the accuracy of compu¬ 

tation used. 

(2) That he has not overlooked any forces. 

Physical Constants Involved in Analysis. An important field of 
study is that of the sensitiveness of the structure to variations in the 
properties of the materials or to other underlying assumptions. All 
analyses are based on some assumptions which are not quite in accord¬ 
ance with the facts. From this, however, it does not follow that the 
conclusions of the analysis are not very close to the facts. 

Three sets of elementary physical constants are involved in the 
geometric relations used in the analysis of continuous structures. 
These are: the change of length, per unit of force per unit of length, in 
members subject to axial forces; the rotation, per unit of moment per 
unit of length, in members subject to bending moments; the rotation, 
per unit of torque per unit of length, in members subject to torsion. 
Probably these constants should have some special name, although 
none has ever been assigned to them. Perhaps “ constants of deforma¬ 
tion is as good a term as any. 

Understand clearly that these are actual deformations which occur 
in the structure under the conditions which we are discussing. It will 
be found in reinforced concrete that they are not invariable for a given 
member. The rotation, in a given length of concrete beam subject to a 
given bending moment, per unit of length per unit of moment, will vary 
with the dimensions of the section, but it will also vary with the magni¬ 
tude of the moment and with the duration of the moment. This makes 
it a rather complicated quantity to deal with. These variations are 
not small. In a given beam of reinforced concrete we may reasonably 
expect that if the rotation per unit of length per unit of moment is a 
for a small moment, it may be 2a for a large moment. These values 
may be doubled if the moment persists for one year, and will increase 
for any duration of loading. 

Fortunately, it is usually the relative values of these deformation 
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constants, not their absolute values, which are needed. If, however, 
we wish to find the moments for a definite displacement produced by 
shrinkage, by change of temperature, or by movement of abutments, 
we need to know the absolute values. 

What is the value of E to be used? What is the value of I to be used? 
The very definite answer to these questions is that we do not know 
enough to assign very definite values. The exact values of I, the exact 
values of E are subject to great variation and are to no small extent a 
matter of chance. We can only investigate the probable effect on the 
design of such variations as may reasonably be expected and choose 
such values as will give conservative design. There is nothing unique 
in this situation. It occurs in practically all engineering design. 

Reference to the elementary geometry presented in Chapter III will 
show that what we are dealing with in structures of reinforced concrete, 
is not or 7 at all; the quantity with which we are dealing is the ro¬ 
tation per unit of moment per unit of length which exists in the struc¬ 
ture in question under the loading conditions in question and for the 
duration of load being considered. I is simply a myth here. 

The whole subject of the values to be used for E and especially for 7 
is at present highly controversial. Space does not permit a review of 
current investigations along these lines, and the discussion here is re¬ 
stricted to very brief statements of the problems involved and of what 
seem to the authors the most reasonable conclusions. 

What is At one time it was thought that the modulus of elas¬ 
ticity of concrete at rupture varied approximately with the ultimate 
compressive strength, and present codes and specifications are based 
on this view. There is, no doubt, some relation between the two val¬ 
ues, but it is by no means consistent. The value of E varies in what at 
present seems to be an erratic way over a range from 2,000,000 lb. per 
sq. in. to 4,000,000 lb. per sq. in. Occasionally values as low as 1,500,000 
and as high as 5,000,000 may be found, but in general wo may expect the 
variations to be limited to ±33 1/3% from a mean value of 3,000,000."^ 

This is the value at rupture. But the ratio of stress intensity to 
strain varies both with the intensity of stress and also with the duration 
of the stress. The authors see no reason to think that either variation 
affects seriously the moments produced by loads on the structure, but 
on this point also there is some difference of opinion, t 

* See ‘‘Reinforced Concrete Columns in Flexure,” Hardy Cross, Proc. A.C.L, 
Vol. XXVI (1930); also discussion by N. H. Roy and F, E. Richart, and that by 
W. M. Dunagan. 

t See “Flow of Concrete Under the Action of Sustained Loads,” Hardy Cross, 
Jour. A.C.L, December, 1931. 
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We have as elements in the problem the ordinary, long-recognized 
variation of the modulus of elasticity, uncertainties as to the distribu¬ 
tion of stresses on plane sections in T-beams and in other cases, uncer¬ 
tainties as to the location and effect of local cracking, and uncertainties 
introduced by the effect of time yield. We have elements of uncertainty, 
then, as to the exact mechanics of internal stress, we have elements of 
chance, and we have variation in the properties of the material with 
time and with stress intensity. The problem of analysis of a continuous 
structure now seems somewhat hopeless. The statement frequently 
made that structures of reinforced concrete are not truly elastic in the 
sense that they do not have complete elastic recovery is perfectly true 
and entirely immaterial. But the fact that structures of reinforced 
concrete are not truly elastic in the sense that we cannot predict with 
accuracy and certainty the exact angle change per unit of moment per 
unit of length from one section to another of a beam is also true and is 
very pertinent. 

What is I? Various values have been suggested for I, For rec¬ 
tangular sections some use the moment of inertia of the full transformed 
section, some neglect the reinforcement and use where Ac is 

the total area of concrete and d is the full depth. Some have suggested 
1/12 Acd^-K 

It will be seen later that the exact value is not very important, and 
hence many approximations may legitimately be used. The authors 
recommend the moment of inertia of the full transformed section as the 
most satisfactory standard. 

The greatest uncertainty arises in determining the value of I to use 
for beam and slab construction. Some use the moment of inertia of 
the full transformed section consisting of the beam and the connecting 
slab for a width extending halfway to the next parallel beams. This 
seems the most satisfactory treatment and is recommended. Many 
variations have been suggested, however. 

Effect of Uncertainties as to Physical Constants. The effect of the 
girders..or!. tbi? columns is much greater than the ..effect of the columns 
on the girders? 'T^omenfs in the girders are the sum of fixed-end mo¬ 
ments and distributed moments as explained later. Fixed-end moments, 
though subject to some uncertainty, are quite definitely known. The 
column simply affects the distribution of the unbalanced moment and 
this unbalanced moment is only a part, and often a small part, of the 
total moment in the member. But in general, the column has no trans¬ 
verse load and no fixed-end moment and the only moment in it is the 
distributed moment which comes to it as an effect of loading the girder. 
There is good reason to believe that the moments produced by loads on 
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the girders can be determined with reasonable accuracy, but there 
seems equally good reason to doubt whether the moments in the col¬ 
umns can be determined with much accuracy. Nevertheless an effort 
should be made to include the column effects in the analysis."^ 

Problems in Continuity of Structures of Reinforced Concrete. The 
most common problem in the design of continuous structures of rein¬ 
forced concrete is to find the curves of maximum moments and some¬ 
times of maximum shears on a series of continuous girders, usually 
rigidly connected to columns, for dead load and for live load uniformly 
distributed and applied to the girders either directly or through joists 
or floor beams equally spaced. 

Commonly the girders and columns are of uniform section for their 
full length except as this is necessarily modified by the existence of the 
joint. Sometimes the girder sections are varied by end haunches, which 
may be either straight or curved. 

For bridges it is usually necessary to make analyses for moving sys¬ 
tems of concentrated loads. 

Wind stresses in buildings are usually determined by approximate 
methods, but there is at present an increasing interest in more exact 
analyses. 

The design of arches of reinforced concrete is a problem of a different 
order from those just outlined. It is not difficult, but it requires a good 
deal of sound judgment. The analysis of continuous arches on slender 
piers is a special problem. 

Continuous slabs are so distinct a field of study that they have not 
been discussed in this volume. 

Methods of Analysis. The chief methods of thought used in the 
book are the methods of the deflected structure and of pressure lines in 
Chapter II, the method of moment distribution in Chapter IV and later 
of distribution of shears in Chapter VII. The column analogy is used 
in Chapters III, V, VII and IX. Influence lines are treated in Chapter 
VIII. The relative importance of these methods is probably in the 
order given. 

These tools are in themselves not very productive; their usefulness 
depends on the skill and resourcefulness of the man who uses them. 
Too many students of indeterminate' structures hope to progress by 
acquiring an endless variety of tools and are so busy doing this that they 
never learn how to use them. 

The ability of a designer of continuous structures is measured chiefly 
by his ability to visualize the deformation of the structure under load. 

* See ‘^Continuity as a Factor in Reinforced Concrete Design/' Hardy Cross, 
Proc. A.C J.. Vol. XXV. 
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If he cannot form a rough picture of these deformations when he begins 
the analysis he will probably analyze the structure in some very awkward 
and difficult way; if he cannot picture these deformations after he has 
made the analysis, he doesn^t know what he is talking about. The 
more or less gentle reader may find the constant repetition of this theme 
monotonous, but it is the deliberate conclusion of the authors that the 
most important aspect of the subject is the simple picture of structural 
deformation. 

Recommended Order of Study. The following order of study is 
suggested to independent students of the subject. Although it reverses 
some of the logical steps in demonstration, it gives results rapidly. An 
experienced teacher will vary the procedure because he will be able to 
explain the bearing of theory on design and of design on the relative 
importance of various steps in analysis. 

It is assumed that the student is quite familiar with statics and 
reasonably familiar with the routine procedure of reinforced-concrete 
design. Even such students may find Chapter II on statics of interest. 

(1) Learn the elementary process of moment distribution. Chapter 
IV, accepting its theorems temporarily as proved. Practice simple 
moment distribution restricted to frames made up of members of con¬ 
stant section and apply it. Then learn to balance the shears for side- 
sway by methods explained in Chapter VII. 

(2) Draw many curves of maximum moments for uniform loads, 
using different span arrangements, different relative stiffnesses of col¬ 
umns and girders, different ratios of live to dead load. (See Chapter 
VI.) Use merely the elementary procedure of constructing the curves 
of moment for individual spans loaded and combining as indicated for 
maxima. 

(3) Make similar studies for maximum end shears. 

(4) Run through the approximate design of several of these structures 
with a view to observing the effect of continuity on the design. 

(5) Haunch the beams in some of these problems, using the approxi¬ 
mate methods of treating haunches and the curves given in Chapter V, 
and observe the effect of the haunches on the design. 

(6) Proceed to a careful study of the geometry on which the whole 
procedure is based, the geometry of flexure. Chapter III. 

(7) Consider the uncertainties of physical data involved in the 
analysis as indicated in this chapter and elsewhere. 

(8) Proceed to exact studies of sidesway and of stresses in general 
produced by transverse loads. Chapter VII. 

(9) Study arches and other special problems. Chapter IX and else¬ 
where. 



CHAPTER II 

STATICS OF DEFLECTED STRUCTURES 

In this and in the next chapter the tools of analysis are exhibited and 
their use is explained. First place is given to the procedure of visua¬ 
lizing the shape taken by the deflected structure under load. This 
cannot be overemphasized. 

Next we take up the statics of indeterminate structures. Students 
familiar with statics but not wdth its application to indeterminate 
structures overlook many of its important implications in this field, 
some of which amount almost to independent theorems. 

Importance of Visualizing Deformations. One of the first objects 
of the analysis of indeterminate structures is to see how the structure 
deforms. If the analysis fails to give the designer a clear mental picture 
of the action of the structure imder load, it is dangerous to proceed 
with the design. This is especially true of reinforced-concrete struc¬ 
tures where bars are often placed on only one side of a section; flexure 
which produces tension on the other face may cause failure. 

It is possible by training, by simple crude models, and by computa¬ 
tion, to develop imagination in visualizing the function of each part of 
a structure in resisting the load. It is then possible to sketch directly 
the shape of the deformed structure. If this can be accurately done, 
the forces, moments and shears can all be computed by statics. This 
procedure is scientific in principle but, of course, lacks precision. It 
is always the first thing to be tried in designing a new type of structure, 
and it is the last thing that should be done in all cases after an analysis 
has been made, in order to give meaning to the computations. Many 
times the results obtained from sketching the deformed structure, 
though somewhat lacking in precision, will be suflficiontly accurate to 
satisfy the needs of the designer. 

What is eruditely called the theory of elasticity deals with the simple 
fact that, if a structure does not break, it holds together. The word 
“ theory ” here is used in the sense of an assembly of systematically 
arranged facts and not in the sense of scientific hypothesis. Practically 
all of what constitutes the theory of elasticity — it might better bo 
called the theory of continuity — is simply a statement of certain geo¬ 
metrical relations which must exist in order to have continuity preserved. 
The relations between the forces and the deformations are based on 

8 
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certain assumptions, which may be open to debate, as to properties of 
materials. The geometrical relations themselves are open to no debate. 

The best method of analyzing most indeterminate structures is to 
find the forces which would exist under a simple condition of restraint 
and then to determine the effect of removal of the restraint. This is 
true in picturing the deformation of the structure, and it is usually true 
in devising a mathematical procedure for exact analysis. 

Examples of Study Sketching. Consider a fixed-ended beam with a 
moment load applied at its center as shown in Fig. 1. It is obvious 



Fig. 1. Deformation of a Fixed-ended Beam — Moment Load at Center. 

that the axis of the beam will be turned at the center in the direction of 
the moment. Moreover, there will be no deflection at the center be¬ 
cause of symmetry, for if the forces on the right caused a downward 
deflection of the center, the forces on the left would cause an equal, but 
contrary, upward deflection. Since there is no deflection at the center 
and since the axis must remain horizontal at the ends, the curve of 



Fig. 2. Deformation of a Fixed-ended Beam and of a Continuous Beam. 

deflection shown in the figure may be drawn, having one point of in¬ 
flection on each side of the load. 

This method of studying the problem is powerful and leads directly 
to a sufficiently accurate solution of the problem by statics. 

In the case of a continuous beam, there is at the ends of a loaded span 
an obvious tendency to rotate the axis since the beam “ tries ” to 
straighten out at that point. We can sketch the deflected fixed-ended 
beam and, by modifying this, visualize the deformation of a continuous 
beam. This is done in Fig. 2. 
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After a little practice it is not difficult to sketch the simple cases of 
deformed structures. 

In Fig. 3 (a) is shown a s 3 Tnmetrical rectangular bent, subject to 
transverse load. If the girder is very stiff it does not bend appreciably. 
It is easy to see that the columns are deflected sidewise, remain vertical 
at the top and at the bottom, and hence are symmetrically bent, and 
have their points of inflection at the middle. From this a statical 

solution follows as indicated in (b). 

If the girder is not extremely stiff, it will bend at each end as shown 
in (c). Considerations of symmetry indicate that the point of inflection 
of the girder is at its midpoint, and a study of the sketch will show that 
the points of inflection in the columns have moved up above the center. 



Obviously, if the girder were absolutely flexible, this would be equivalent 
to hinge connections at the tops of the columns, and the points of in- 
flection would rise to the top. Similarly, if the foundation rotates 
owing to the reactions, the point of inflection in the column will move 
down, and as a limit will be at the bottom of the column when perfect 
freedom of rotation exists. 

This sort of study may seem extremely elementary, but it will pro¬ 
duce quite as satisfactory results in many cases as will elaborate analysis. 
Most rectangular bents do not justify much mathematical analysis 
because the degree of fixation of the foundation is almost invariably 
uncertain. We can only strike a balance between the influences tend¬ 
ing to raise and to lower the point of inflection in the column. 

As another simple illustration, consider a beam fixed at the ends and 
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carr 3 dng a concentrated load (Fig. 4). Evidently the beam deflects 
down under the load; evidently it must curve back up to its supports 
and become horizontal there. It has the shape shown in the figure. 



Fig. 4. Deformation of a Fixed-ended Beam — Concentrated Load. 

A rectangular bent is loaded with a concentrated transverse load, 
Fig. 5. If the girder is stiff and is restrained from moving horizontally, 
the deformation will be as shown by the line noted on the left. Side- 
lurch tends to raise the points of inflection in the loaded column. We 
can approximate the shape of the deformed structure as shown in the 



Fig. 5. Deformation of a Rectangular Bent. 

figure. Note, however, that the upper point of inflection on the 
loaded column may move out of the column entirely and into the girder, 
and usually does so. But it is scarcely possible to see by inspection 
just what the final position is. 

Other examples of sketching the deflected structure are indicated in 
Fig. 6. 

The student should not imagine that he can always do this without 
any computation — no one can — nor should he rely too implicitly in 
his ability to do it. The important thing is that it is very well worth 
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practicing, and that, unless an analysis enables one to picture these 
deformations, it is a snare and a delusion. 



Fig. 6. Sketched Deformation of Loaded Structures. 


Statical Relations. Inflection Points. The principle of statics states 
that, when a structure or any part of a structure is at rest or in uniform 
motion, there is no imbalanced force acting on it. This principle is 
usually separated into three parts, and we state that the three statical 
limitations are 

= 0, = 0, 'EM = 0 

This enables us to distinguish the components in each of two directions 
and the location of the force. 

In space it is convenient to separate the law into six constituent 
relations: 

EX = 0, ey = 0, EZ = 0, EM^ = 0, EMy = o, EM^ = o 

Some of the consequences of the principles of statics commonly in¬ 
dicated in texts on mechanics become of peculiar significance and im¬ 
portance in designing indeterminate structures. 

Points of inflection are points of zero moment. This is merely a 
truism, since it states that, if at any given section a beam is not bent, 
there is no tendency to bend it, and of course it is not bent where its 
direction of flexure changes. 

Relations Between Load, Shear and Bending Moment. The prin¬ 
ciple of statics teaches us that the rate of change in the moment along 
any line is the shear on sections normal to the line — the differential of 
the moment is the transverse shear. This principle should be visualized 
as well as remembered. It means simply that, since the shear is the 
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sum of the forces and the moment is the sum of the forces times their 
distances, if we move a small distance the moment will be increased by 
the shear times the dis¬ 
tance. Also the rate 
of change of the shear 
is the intensity of load 
per foot, which follows 
from the fact that the 
shear is simply the sum 
of the loads. 

From this it follows 
that, if there are no 
loads on a beam, the 
shear across the beam 



Fig. 7. 


Cun^e of Shea 


Typical Moment Curve 
No Inflection Point 


Typical Moment Curve 
One Inf lection Point , 


Shears and Moments on Unloaded Span of 
Continuous Beam. 


is constant and the moment curve is a straight line. Consequently, 
if there are no loads on a straight beam, there is either one point Of 
inflection or no point of inflection. This is shown in Fig. 7. 



If the loads on any span are all in the same direction — up or down — 
the shear in that span either has the same sign at all points or changes 
sign at one point on the span. Consequently the moment curve either 
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slopes continuously in one direc¬ 
tion or changes direction of slope 
at one point. It may then pass 
through zero at no point, or at 
one, or at two points on the beam 
B>s illustrated in Fig. 8. 

Moment Curves on Continu¬ 
ous and Fixed-ended Beams. A 
loaded beam which is continuous 
differs from one which is simply 
supported in that it has bending 
moments at its ends. The shears 
( b) and moments can be conveniently 
separated into those which would 
exist if the beam were simply 
supported and those which are a 
consequence of the end moments. 
The curve of moments is the sum 
of the moments on a simply sup¬ 
ported beam for the given loads 
and the moment curve on a beam 
having the terminal moments. 
As explained above, this latter 
moment curve is a straight line. 
The construction is illustrated 
later in Fig. 11. 

The moment diagrams on spans 
with restrained ends may thus be 
thought of as the moment curves 
of corresponding simple beams 
constructed on new base lines, the 
position of the base line being fixed 
by the conditions of restraint. 

This is illustrated in Pig. 9, 
where the parabola due to uniform 
loading on a simple beam in (a) is 
modified in the other figures to 

Fig. 9. Effect of Hinges and Bestrained conditions un- 

Ends on Curves of Bending Moment. posed. If the points of inflection 

are known we can draw the whole 
moment curve by making the curve of moments which would exist if 
the beam were simply supported pass through these points of inflection. 
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Shears on Continuous Beams. In the same way the shears on a 
continuous beam can be determined as the sum of those which would 
exist if the beam were simply supported and the shears due to terminal 
moments. See Fig. 10. Terminal moments will be resisted by a couple 
produced by equal and opposite end shears, having values equal to 
the arithmetical difference of the terminal moments divided by the span 



length. If we use the usual conventions of signs for bending moment — 
positive moments sag the beam and negative moments hump the beam — 
it is easy to see, without bothering about mathematical conventions, 
that if the beam is humped at both ends by the terminal moments they 
are opposing each other, and also that the normal shear — positive at 
the left end and negative at the right end — will be increased at that 
end of the beam at which the negative moment is the greater. 

This deals with the ordinary case of gravity loading. In other cases 
it is a simple matter to sketch the beam and see at once the relations of 
signs involved. In Fig. 10 two simple examples of this kind are shown. 
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At any support, the reaction is the sum of the two end shears plus any 
load immediately over the support. 

Iliustration of Curves of Shear and Moment. An illustration of the 
construction of moment and shear diagrams as a combination of the 
simple beam curve and the diagram due to the end moments is shown in 
Fig. 11. 

The end moments on the span have been determined as —30^' and 
—90^'. The curve of moments is the difference between the simple beam 



Fig. 11. Combined Curves of Moments and Shears. 


moment diagram and the trapezoidal diagram due to end moments 
as shown in (e). 

The unbalanced end moment — (90 — 30) = 60^^' is in equilibrium 

with a couple due to a change in reactions: an increase on the right, 
where the greater negative moment occurs, and a decrease on the left. 
The change in shear is then —60/30 = —2^, giving the combined shear 
diagram shown in (/). 

Inflection Points. This conception of the moment curve as made up 
of two parts, one due to the loads acting on the simple beam and the 
other due to the end moments, indicates at once that in loaded spans 
there will usually be two inflection points or none at all (though there 
may in some cases be one), whereas in unloaded spans there will be 
either one inflection point or none at all. It will be further seen that 
the points of inflection in loaded spans will change with any variation 
in the loading conditions which affects the end moments. 
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Study of the inflection points in continuous beams indicates another 
useful viewpoint. Since the inflection points are points of zero mo¬ 
ment, they may be thought of as temporary hinges, and the continuous 
beam may then be analyzed by statics as a cantilever structure. 

For the moment curve shown in the continuous girder AF, Fig. 12, 
AJ5 is a simple span, BC is a balanced cantilever, CD is a simple span, 
DE is a balanced cantilever, and EF is a simple span. The treatment 
of the continuous girder differs from the cantilever structure only in 
this respect, that, whereas in the latter the hinges are definitely fixed, 
in the former the points of zero moment change with the condition of 



Fig. 12. Continuous Beana as a Cantilever Structure. 


loading. If the location of the inflection points is known, the shears and 
moments are readily computed by statics as may be seen in (6). 

The significance of the inflection points in finding the shears and re¬ 
actions is further illustrated in the construction shown in Fig. 13. 
In (a) the center span is uniformly loaded, and the loaded lengths which 
may be used to compute the end shears are indicated. Similar con¬ 
struction is shown in (6) for the case of uniform load on the two end spans, 
and in (c) the length of load producing the two center reactions is shown 
for the condition of uniform load on all spans. 

It is important to realize clearly as early as possible in the study of 
continuous structures that the deflected structure is not merely a dis¬ 
torted figure somewhat like the real deformed structure. An accurate 
sketch of the deflected structure will conform in every way to the curve 
of static moments deduced from it. This means that the points of 
inflection indicated by the deflected structure are points of zero moment, 
and that to the pressure line* drawn through them the sharpness of 
curvature at points of the deflected structure must correspond, the 

* Some familiarity with the pressure line is assumed. It is a broken (or curved) 
line made up of the successive resultants of the reactions and loads acting on the 
structure. See page 22 and Chapters VII and IX. 
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curvature being proportional to M/I at any point. If these require¬ 
ments are satisfied exactly, the solution is correct both by statics and 
by geometry; we have an exact analysis. 

Exact analyses by sketching the deflected structure are not practicable, 
but a little training will develop ability to detect at once glaring in- 



Impossible 

(a) Joint B evidently 
not in equilibrium 
since both members 
tend to rotateJoint 
in some direction. 

(b) Joints B and C 
not right angles. 

(c) Shows four points 
of infiech'on, 
which indicates 
an impossible 
pressure fine for 
this loading. 

{d) Deflections not 
equal at B and C. 

Fig. 14. 



Impossible 

{a) Joint B evidently 
not in equilibrium 
since both members 
tend to rotate Joint 
in same direction, 
(b) Shows two points 
of inflection, 
which indicates 
an impossible 
pressure Une for 
this loading. 



Improbable 

The girder shows 
as much bending 
for the same 
moment as does 
the column, where¬ 
as the girder is 
usually much 
stiffer than the 
column. 



The defiected struc¬ 
ture is continuous and 
satisfies statics, but 
the solution shows Hq 
greater than 
which is evidently 
not true if the bent 
is symmetrical. 


Incorrect Sketches of Deflected Symmetrical Bent. 


consistencies. Fig. 14 shows some incorrect sketches with notes on 
them. 

Arch Action.’’ In the study of bents and frames, particularly where 
curved girders have been used, the term arch action is sometimes 
employed with confusion and even misrepresentation. Except where 
it describes an architectural type, it is probably better to avoid the 
term arch.” Where the term is employed we must define exactly 
what reactions are indicated and identify the abutments that resist the 
thrust. 

For example, consider the multi-storied building shown in Fig. 15 
with floors of slab and beam or of flat slab construction. It might be 
assumed that each of these bents acts as an arch and consequently has 
its moments reduced by the horizontal reaction which exists in an arch. 

* The term catenary action is used by some writers with the same feeling of 
mystery. The method of reasoning used here in reference to *‘arch action’^ applies 
also to catenary action. 
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It will at once be seen that, if thrusts exist in all girders, an impossible 
shear accumulates in the wall columns. 

Moreover, if any reasonable values for moment and thrust are assumed 
in the girders and the inflection points in the columns determined by 

statics, it will be found 
that these points jump 
around in a most myste¬ 
rious and improbable 
fashion as we pass from 
story to story. As a 
matter of fact, arch 
action could not be de¬ 
pended upon in such a 
case. The girder might 
be subject to pushes or 
to pulls depending upon 
the condition of restraint 
and upon the arrange¬ 
ments of loads. 

The same reasoning 
applies to the interior 
columns, as can be seen 
by passing two vertical 
planes, a-a and h-h, one on each side of the first row of interior col¬ 
umns. If arch action cannot be depended on in the end spans, then by 
statics we cannot depend on it in the interior spans. 

The above discussion is not intended as a general solution of this 
problem nor as a proof that arch action may not exist in some girders for 
certain conditions, but is introduced here to illustrate how much infor¬ 
mation can be obtained even in very complicated cases by considerations 
of statics combined with 
study of the deformation of 
the structure. 

Statics of Bents and 
Arches. A bent, or structure 
of the shape shown in Fig. 16 
(a), (6) or (c), is an arch in 
the sense that for vertical 
loads it has horizontal reactions as well as vertical reactions at the bases 
of the columns. The line of pressure in a bent has a true position and is 
not merely some string polygon. The position of the pressure line and 
consequently the forces in the corresponding force polygon will be 
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Fig. 16. Examples of Bents. 
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Fig. 15. Statics of Building Frame. 
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uniquely determined if three points on the pressure line are known. 
These points are points of inflection in the structure. If the arch is 
three-hinged these points are definitely determined; otherwise they 
will be determined by the restraints on the deformation of the structure. 

Assume, for example, in Fig. 17 a bent 20 ft. high and 30 ft. wide 
loaded by 10’^ applied as shown at the center of the left-hand column. 



Fig. 17. Statics Applied to a Rectangular Bent. 


The location of the inflection points will depend on the variation of 
moment of inertia along the axis of the bent. Suppose these points to 
have the positions indicated. The right reaction passes through the 
inflection points b and c and the left reaction through the inflection 
point a and the point o, where the load intersects the right reaction. 
A force polygon may now be drawn or the reactions computed as in¬ 
dicated. If several loads are involved a graphical solution may be 
more convenient. 

Evidently, if a fair approximation can be made in sketching the de¬ 
flected structure, the inflection points can be determined and from them 
the forces and moments. 
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TKe pressure line is itself a curve of moments, so that the moment on 
any vertical member is equal to the vertical component of the pressure 
line times the horizontal distance from the pressure line more accu¬ 
rately, from the appropriate string of the pressure line — to the section 
considered. On any horizontal member the bending moment is the 
horizontal component of the pressure line times the vertical distance 

Uniform Load 

nrmuuuunuinuuUTrn 


Thrust 


Fig. 18. Pressure Line in a Three-hinged Frame. 

from the appropriate string of the pressure line to the section considered. 
In^eneraJ the moment .at any point in the structure is equal to the force 
represented by the corresponding string of the pressure line times the 
perpendicular distance to this string from the point. 

This is the theory of the static arch. It can be shown that the 
pressure line in any structure lies as near as possible to the axis of the 


Uniform Load 




structure if due allowance is made for the stiffness of different parts. 
If the structure is equally stiff in all its parts the pressure line will be 
that string polygon for the loads which most nearly fits the axis of the 
structure. Though the term “ fits ” is not quite precise, the principle 
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helps us to sketch directly the approximate pressure line on the assump¬ 
tion that the structure is equally stiff in all its parts. 

A structure is usually not equally stiff in all its parts, and it wiU be 
necessary to modify the pressure line to take account of this fact. 
Stiffening any part of the structure tends to push the pressure line away, 
and weakening a part tends to draw the pressure line toward the part. 
Mathematical studies are of course necessary to develop judgment in 
this respect. 

The pressure line for uniform load in a frame having three hinges is 
shown in Fig. 18. In Fig. 19 is shown a pressure line for a hingeless 
frame. Both, for the load shown, are parabolas. Note how the pres¬ 
sure line for the hingeless structure “ hugs ” the frame, cutting the axis 
twice on each side of the center. 



Fig. 20. Statics of an L-Frame. 


Illustrations of the Application of Statics to Simple Bents. If the 

beam AB of Fig. 20 (a) were temporarily fixed at B, the points of in¬ 
flection would be at the quarter points. However, when B is released 
the inflection point on the left side will move toward B. There will also 
be a point of inflection at one-third of the column height above C. 
With the position of the points of inflection assumed as shown in (6) 



24 


STATICS OF DEFLECTED STRUCTUEES 


the analysis by statics follows as indicated in (c) or graphically as in (d). 
Note that with the points of inflection known the moment curve of (d) 
follows at once. 

In Fig. 21 (a), if the girder 5(7is relatively stiff, the points of inflection 
in the columns will be at the midpoints. In the example shown they 
will be a little above the midpoints. After we have estimated the 



Fig. 21. Statics of a Bent. 


location of the points of inflection, the structure may be analyzed by 
statics as indicated in the figure. 

The Statics of Sidesway. It is usually possible to analyze a structure 
more readily if the joints do not move. In any structure in which the 
joints do move, if the assumption be made that the joints do not move 
it will be found that the laws of statics are not satisfied by the solution. 
Thus, if the bent shown in Fig. 17 be analyzed on the assumption that 
there is no horizontal movement of the top girder, it will be found that 
the shears at the bottom of the column do not add up to 10’', the total 
load on the structure. Actually the structure will deflect laterally 
until = 0. This is usually referred to as “ sidelurch ” or “ side- 
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sway^^; it is a simple matter to determine a reasonably exact set of 
moments in the structure due to this lateral deflection and it is not 
difiicult, by methods shown later, to determine exact values. If in this 
case we can determine a total shear in the columns corresponding to 
a given set of moments due to lateral deflection, then, by adding these 
moments in proper proportion to those found in the previous solution, 
the structure may be made to satisfy the laws of statics. Since both 
moment curves meet the conditions of continuity, we have thereby 
achieved a solution uniquely correct for the problem. 

Illustrative Problem — Statics of an Irregular Bent. An interesting 
problem in statics occurs where all moments at the joints, and the 
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Fig. 22. Pressure Line from Known Moments. 


direction and location of the load, are known in a frame such as that 
shown in Fig. 22, and it is desired to determine the magnitude of the 
load producing this condition. With the moments known at the ends 
of the members we can determine the points of inflection. This gives 
us a three-hinged arch for which the location of the pressure line is 
known. By finding the shear in any one member such as .45 we know 
one component along one string of this pressure line and hence can 
draw the whole force polygon as shown in the figure. 



CHAPTER III 

GEOMETRY OF DEFLECTED STRUCTURES 

In the previous chapter, emphasis has been placed on the statics 
of indeterminate structures, the geometrical relations being merely 
sketched. In the present chapter, attention is directed chiefly to the 
geometry of flexure. The reader should observe the simplicity of the 
fundamental geometrical concept — the geometry of small angles. 


A. The Geometry of Flexure 

Elements of Geometry of Flexure. Suppose that bending occurs on 
two right sections mn and m'n' a short distance ds apart in the beam 
AR, Fig. 1 {a). This part of the beam will then appear as shown 
exaggerated in (6), large angles being shown for clearness. Actually, 



Fig. 1. Elementary Geometry of Flexure. 


all angle changes involved in beam analysis are so small that the length 
of chord may be taken equal to that of the arc. The angle change in 
the length & is a geometrical consequence of the shortening of the 
fibers on one side of the neutral axis and the lengthening on the other. 
If h is the stretch in any fiber distant c from the neutral axis, 0 = 5/c. 
This is true whether the flexure is combined with direct stress or not. 
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If one end of the beam segment is thought of as fixed in position and 
the other end is rotated through this small angle as shown in (c), the 
movement of any point, such as P, on the revolved side, in any di¬ 
rection x-Xy will be (p times the lever arm 2 /, where y is the distance from 
the center of rotation measured normal to the direction x-x. That is, 
if plane sections remain plane, and shear distortions are neglected, the 
essential geometrical relations are simple and obvious: 

^ ~ ^iid Ax = <j> • (distance y) 

The angle change produced in any short length of the axis of a beam 
by a given bending moment in this length can usually be proportion¬ 
ately predicted. It can be predicted that a given section, say 1 in. long, 
subject to a given bending moment, will have two or three times the 
angle change of another section subject to a different bending moment. 
The angle change in a given length due to a given moment is a function 
of the moment and of the physical properties of the section. The 
physical properties of a section being known, the moments due to 
continuity follow as a consequence of the loads and of the relative angle 
change, that is, they follow as a matter of geometry and of statics. 
Where definite deflections are involved, the true properties of the section 
are needed; but in computing moments due to loads on continuous 
structures, only relative values of these properties are required. 

The physical property of the section needed here is the angle change 
per unit of moment per unit of length — the value <!>/ (M ds). But this 
is not convenient. If we know the fiber stress and modulus of elasticity 
at one fiber 



by definition of elastic modulus. 

If, further, we find / by the beam formula 

c I 

we can now write the desired property of the section 
<t> _ ^ 

M ds cM ds MEc El 

Application to Reinforced Concrete. In beams of reinforced concrete, 
the beam formula cannot be applied accurately, though we may find 
it convenient to apply it or its equivalents in design. It is probably 
not worth while to discuss at length, at this point, the reasons for this — 
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inapplicability of Hooke’s Law, uncertainty as to depth of tension cracks, 
local bond slip at cracks, distortion of plane sections where cracks occur, 
more especially uncertainties as to the action of the flanges of T-beams 
— but it is extremely important to recognize that the term I when used 
in the analysis of structures of reinforced concrete is a convenient fake. 

It is not ^da, a mathematical constant, at all. 

Moreover, E is not a definite term in concrete. The stress-strain 
ratio varies with different mixes — and somewhat erratically, as well 
with intensity of stress and with duration of stress. 

These uncertainties are not usually sources of great uncertainty in the 
results, though they are in some cases. Let no one be deceived by purely 
mathematical attempts to deduce values for the term l/(£^/). The 
exact value of ds) at any section depends on many factors and 

much on chance. All that we can hope to do is to see whether these 
uncertainties make much difference. In continuous girders they are 
not usually very important, in arches they are not particularly impor¬ 
tant; but in columns flexed by connecting girders they are important 
and introduce large uncertainties into the column stresses; and in aU 
cases where given or assumed deformations are involved — shrinkage, 
change of length due to temperature change, settlement or rotation of 
foundations — they introduce great uncertainties. 

The Analogy of Angle Loads, (a) Elementary Geometry. As ex¬ 
plained above, in any line of small curvature, the changes of direction, 

or angular changes, along the line 
produce relative linear movements 
of points on opposite sides of the 
angle equal to 4>y, the angle times 
the radius arm to the direction of 
movement considered. 

A structural engineer finds it 
convenient to think of this as a 
statical moment and to say that 
the vertical movement A A', Fig. 
2, with reference to the tangent 
at B, due to curvature at B, 
is: 

The statical moment about A of the angle at B considered as a 
vertical force at B (as in (c) of Fig. 2). 

If all angles between A and B are taken into account, it is, then, 
convenient to say that: 



Fig. 2. Geometry of a Bent Line. 
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(1) Change of slope from A to -B = sum of angles A to B. 

(2) Deflection of A vertically, referred to tangent at B = statical 

moment about A of all angles between A and B considered as 
vertical loads. If the deflection of A in any other direction is 
wanted, the angle loads should be inclined in this direction. 

These two analogies give a means convenient to the structural en¬ 
gineer — note that it is a matter of convenience — of computing slopes 
and deflections of a curve with reference to the tangent, providing the 
curvature is very small. 

Quite as often it is desired to refer the slopes and deflections to the 
chord. Suppose we wish to find the slope and deflection at C-0, Fig. 3, 



of the line ABD having an angle <!> at B, these slopes and deflections to 
be referred to the chord AD, The angle <!> is assumed to be very small. 


We can write Slope 0 ^ / 

Deflection CG ^ CF - FG 
But DE == (j>a 





FO — <l>c 


Also 
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Hence Slope = ^ ^ (Shear at C) 

Deflection = (Moment at C) 

But these are values of the shear and bending moment respectively 
at C on a simple beam AD loaded with a load 0 at B. 

By summing these results for a series of small angles, we deduce: 

(3) The slope of a bent line at any point measured with reference to a 

chord is the same numerically as the shear which would be 
produced on the chord acting as a beam simply supported at 
its ends and supporting the angles as loads. 

(4) The deflection of a bent hne at any point away from its chord is 

the same numerically as the bending moment which would be 
produced on the chord acting as a beam simply supported at 
its ends and supporting the angles as loads. 

(6) Moment Areas, If the beam formula applies the angle changes 
along the beam are each 

M ds _ area under a differential length of moment curve 
^ - El 

we can restate these geometrical rules in terms of what are called mo¬ 
ment areas, as follows: 

When measured with reference to the tangent at any point A (Fig. 4): 



(1) The slope of a beam at point B is numerically equal to the area 

under the moment curve between A and divided by if 
El is constant, or is the area under the M/(BI) curve between 
A and B in any case. 

(2) The deflection of a beam at point B is numerically equal to the 

statical moment about B of the area under the moment curve 
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between A and B, divided by El, if El is constant, or is the 
statical moment about B of the area under the M/(El) curve 
between A and B in any case. 

When measured with reference to any chord AC oi the bent beam: 

(3) The slope at point B is numerically .equal to the shear at point B 

on a simply supported beam AC due to the area under the mo¬ 
ment curve as a load, divided by El, if El is constant, or is this 
shear for a load equal to the area under the M/(EI) curve in 
any case. 

(4) The deflection at point B is numerically equal to the bending 

moment at 5 on a simply supported beam AC due to the area 
under the moment curve as a load divided by El, if El is 
constant, or is this bending moment for a load equal to the 
area under the M/(EI) curve in any case. 

These theorems are well known to structural engineers as the theo¬ 
rems of area moments, or of moment areas. It seems important not to 
lose sight of the fact that they are merely restatements by analogy of 
theorems of geometry, with the assumption of the beam formula. 

(c) Stress Areas. In certain cases it is more convenient to compute 
slopes and deflections in terms of the fiber stresses instead of the mo¬ 
ments. To do this does not even involve the assumption of the beam 
formula, though it assumes the conservation of plane sections — for 
normal cases a very safe assumption. 

Since 


where c is the distance from the neutral axis to the fiber whose stress is/. 


we may rewrite each of the four the¬ 
orems of area moments by using as a 
load the area under the curve of 
fiber stress in the outer fibers, di¬ 
vided by Ec, where Ec is constant, 
or the area under the f/(Ec) curve 
in any case. 

Illustrations of the Geometry of 
Tlexure. (a) Pure Geometry. To 
bring out clearly the geometrical 
nature of these theorems, consider 
the following problem. 

A line of traverse as shown in Fig. 



(b) 

Fig. 5. Geometry of Angle Changee, 


has its angles modified as follows: 
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B increased 3/10000 radian, C decreased 4/10000 radian, D increased 
2/10000 radian. Call the new positions of the points B', C, D', E'. 
Find the total rotation of DE with reference to AB, the displacement of 
E with reference to AB, the rotation of B'C with reference fo AD, 
the displacement of B' with reference to AD', produced by these angle 
changes. All displacements are to be measured normal to the line of 
dimensions shown. 

Consider a beam loaded as shown in Fig. 5 (h) and supported at A 
and D: ^ 

Rotation of DE with reference to AB = (3 — 4 + 2) radian. 

Displacement of E referred to A 5 


+2 X 250 = +500 

-4 X 400 = -1600 

+3 X 600 = +1800 


700 

10000 


ft. 


Rotation of B'C with reference to AD' = 

Shear in panel BC on beam AD = 

(3 X 100) - (4 X 300) _ ^ ,2 

450 K J -r 

(Notice that this rotation is referred to AD' and not to AD.) 
Displacement of B' referred to AD' = 

Bending moment at B on beam AD = 

3 X 100 X 350 4 X 100 X 150 _ 1 _ 1 

450 450 “-^^"^ 10000 100 


X 


10000 


radian 


I 


> 


Note that rotation of D'E' and displacement of E' with reference to 
AD' cannot be found directly by the 
above theorems. We can, however, 
find the rotation of C'D' with refer¬ 
ence to AD' and the rotation of D'E' 
and the displacement of E' with refer¬ 
ence to C'D'. 

(b) Moment Areas. (1) Find the 
slope and deflection at A, Fig. 6, due 
to the moment applied at the end of 
the cantilever. El constant. 

The curve of moments is as shown. 

M 

Slope at A 


Carye of Moments .A 

Moment Areas — Canti¬ 
lever Beam. 


Fig. 6. 


area under ^ curve 


ML 
El ■ 
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Deflection at -4 = statical moment about A of area under 

M ML L ML^ 

El ~ El ^ 2'^ 2Er 

if. (2) Find slope and deflection at A, and at B (or Fig. 7. 

Slope at A = shear due to M curve = 0. ^ 

Deflection at A = moment due to M curve on C'C 

_ 1 ML^ _ 1 PaL^ 

8 El 8 El ‘ 

(Notice that in the numerical case care is required to preserve the 
same units throughout.) 



Fig. 7. Moment Areas — Beam with Cantilever Ends. 


To find slope and deflection at 5, find first the slope at C, 

Slope at C = shear due to M curve on CV = . 

Slope at B referred to tangent at C = 

(area of moment triangle between B and C) X ^ . 

Deflection at B due to slope of tangent at C = a. 

Deflection of B away from this tangent = 

(statical moment about B of triangle between B and O X ^ 


Ma 2 1 _ 1 ikf 

2 EI~Z El 
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Hence 


Slope at £ = 
Deflection at 5 = 


ML Ma 
2EI 2EI 

MLa Ma^ 

'2ET'^Mi 


(3) The moment curve on a column is known to be as shown in Fig. 8. 
Find relative rotation of the two ends and relative deflection A of the 
top with reference to the tangent at the bottom. 

By inspection, area under M curve = 0, 0 = 0. 

Taking statical moment about the top, of the two triangles 


area of one triangle lever arm of couple 


A = 



X 


2 , 1 . 1 Mh^ 

^ El Q El 


If the corresponding shear is H, 



__ 1 Hh^ 
12 El 


(4) Where the geometrical figures of the moment curves are more 
complicated, separate them into the simplest figures possible. In 



Fig. 8. Moment Areas — Column 
with Top Displaced. 


Fig. 9. Moment Areas — Column 
with Eotated Top. 


Fig. 9 the moment diagram is conveniently treated by dividing into 
triangles DEC and ABB. 

IMh 1 Mh _ Mh 
2 El 2 2EI ^EI 


A at top referred to tangent at bottom = 
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Remarks on Moment Areas, A student of indeterminate frames 
should be very familiar with these principles and will probably remember 
formulas for some of the simpler cases. It is not worth while, however, 
to try to remember the formulas. Nor should the student spend much 

SLOPES AND DEFLECTIONS AT POINT A WITH REFERENCE TO LINE 3C 



d 


1 PL^ 
3 El 


d 


*"2 El 


4 - / 1 PL^ ^ 

^ 6 El '^12 El 


d= 0 




/ PL^ / 
48 El ^ 



d 


8 El 


Fiq. 10. Slopes and Deflections by Moment Areas. 


time working out complicated cases involving irregular loading or vari¬ 
able I values. There is not often occasion to compute actual slopes 
and deflections in practice. If they are needed they are usually more 
conveniently found from the fiber stresses as explained later. These 
theorems are used chiefly as basic principles from which others are 
derived for use in analysis. 
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Note that always 


o, ML 
Slope oc cc 

fl MU 

Deflection oc oc 


PL^ 

El 

PL^ 

El 


The cases shown in Fig. 10 are perhaps worth tabulating. 

Fig. 11 contains some useful data for moment-area computations. 
■^^c) Stress Areas. Two types of problems may arise: the fiber stress 
may be known, as it is for the loading for which the structure is 


\ 4 4 

rTofa 

4 Load W 1 

.f. 

1 [|] 

T ^ 

32 ^ 

Total Load 

.-rrtTTTTf 

/ 4 

r Coefficients 
^ ofWL 

. 

T 

96 1 

ImTfTTTrrrv, 

T 

r 

l Load W. 

Wm 

wm 

BE 

n t 

rj 
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Un 

L -^ 

uform Load^ 

! 
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I M M I I I ,, I I I I, . 1.1 

^Curve of fiber stress 


Fig. 12. Stress Areas — Uniform 
Stress Intensity, 



Fig. 13. Stress Areas — Varying 
Stress Intensity. 


-- L -^ 

Uniform Load-^ 


1 ^ ^ ^ ^ ^ f ^ 

T 1 

[Parabolic cur\re of stress 

m; .;ii[riit. 

J 


Fig. 11. Data for Moment-area Com- Fig. 14. Stress Areas — Girder of 
putations. Moment Coefficients for Constant Section — Uniformly 
Different Types of Loading. Loaded. 


designed, and the slope or deflection wanted; the slope or deflection 
may be known and the fiber stress desired. 

(1) Imagine a girder simply supported and designed at each section 
for a uniform load, as shown in Fig. 12. Then for this load the fiber 
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stress is the working stress and is constant across the girder. We may 
now consider the beam loaded with//Ec as a load and compute shears 
and moments. E and c constant. 

1 fL 

End slope = end shear = 2 ^ 


Maximum deflection = center moment 


IfE 

8 Ec 


(2) A simple beam of uniform section, Fig. 13, loaded at the center, 
having a maximum stress /. E and c constant. 


End slope = 


Maximum deflection = 


IfL 
4 Ec 

LfE 

12 Ec 


(3) Girder of constant section, simply supported, uniformly loaded to 
give maximum fiber stress /. The stress curve is as shown, Fig. 14. 

If c is constant 


Maximum deflection = 


48 Ec 


r-^ 

Uniform 


1 y I y 1 ,1 T,.o T T, T T,r ili: ixi.t 1,1,1 
A 

in 

S) 


:r-Tri 1 1 i 
Parabola'' 

““i <—1 

r; 


-(a) Girder of Uniform Strength 

‘(b) ActucU Girder 

'(c) Girder of Constant Section 


Fig. 15. Stress Areas — Girder Uniformly Loaded. 

(4) In general the maximum deflection of a girder simply sup- 

1 /L^ 

ported, for its design load, lies between the two values ^ “ g 


LUl 

48 Ec 


because the curve of stress, as shown in Fig. 15, is not quite 


uniform nor does it vary with the curve of moments. 

Hence approximately 

^ 9 Ec 

(5) A continuous beam designed for a fixed maximum working stress 
at each section and loaded for maximum positive moment. 
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The curve of maximum moments will in general be like that shown in 
Fig. 16 (a). 

When loaded for maximum positive moment the stress (in an upper or 
lower fiber) will vary about as shown in (6). 

The maximum deflection then is approximately that due to the uni¬ 
form stress / less that due to the shaded stress areas shown in (c). 


A 


8 Ec 2^ 6 12 Ec 


5 IfJl 
6^ 8 Ec 


approximately. 


If c is the same as for a simple beam similarly designed, this serves 
to show how small is the decrease in maximum deflection due to con- 



Fig. 16. Stress Areas — Continuous Girder. 


tinuity in a beam, because both the simple beam and the continuous 
beam are designed for the same fiber stress. Of course, the girder is 
not designed throughout for maximum stresses, and the values above 
need some modification. 

Designing for Given Deflections. The relations between deflection 
and fiber stress often enable us to predict at once the fiber stress. 

(a) Settlement of a Support — Continuous Beam of Two Spans, Sup¬ 
pose a known settlement A occurs at the center support of a continuous 
plate girder of two spans. The variation in the moment of resistance 
may be expected to approximate the curve of maximum moments. 
If the approximate variation of the moment of resistance is known, the 
approximate shape of the curve showing the flange stress may be drawn. 
The deflection may then be computed in terms of /max as the bending 
moment due to the //Ec curve as a load. 

Fig. 17 is merely a sketch but it shows the steps by which the problem 
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may be approached. If the moment of resistance approximates the 
curve of maximum moments (drawn without reference to sign) the 
curve of fiber stress will have the shape shown in (b). If the beam is of 
unif orm section, the curve will have the shape shown in (a). 


Max. Pqs. RLMomenfS' 

LLMomenfs 



Max. Neg. LL. Moments 



^Approx, Moment 
of Resistance 

■Approx. Max. Moments 
{Neglecting Signs') 


(a) Cun/e of Moments 
due to Settlement 

(S) Approx. Curve 

of Fiber Stress 
{Determined by dividing 
moment due to settlement by 
moment of resistance .) 

,z— -— A 

Assumed Settlement A 
Fig. 17. Stress Due to Settlement of Support — Girder of Two Spans. 



In either case 

^ = 1 approximately, 

y jdc 

If we take c = d/2, as it is in a symmetrical section 

8 f IP 

^ . approximately, 

y Mid 

/max = ^ XZ approximately. 

(6) Settlement of Supports in a Continuous Girder of Several Spans. 
Fig. 18. 

In this case approximately. 
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If the section is symmetrical, c = (Z/2. Hence 


A = i 


1 /^ 
3 




Ed 


/max -ZE 


A 

/ 

/ 

I 

/ 

/ 


/ 


(d) Physical Limitations. These analyses are reasonable and useful 
for steel. For structures of reinforced concrete they are not satisfactory 
for the reasons assigned above. (See also dis¬ 
cussion on page 27.) The maximum stress in 
the steel in a given length is larger than the 
average stress. The above values, if used for 
the stress in the reinforcement, should then be 
multiplied by some factor greater than unity, 
and probably considerably greater. 

The values are probably more dependable 
for the stresses in the concrete than for those 
in the steel, in a beam of reinforced concrete. 

In columns, where there is little if any crack¬ 
ing, and no bond slip — except at the cracks — 
most of the difficulties disappear, although the 
great uncertainty in the value of E remains. 

(e) Stress Areas in a Loaded Bent. A bent is shown in Fig. 20 con¬ 
sisting of a stiff girder supported on relatively flexible columns. The 
girder is loaded with its maximum load and is so designed that under 





Fig. 19. Stress Areas — 
Column with Top Dis¬ 
placed. 



this load the stress intensity across it is nearly uniform. Call this 
stress intensity fg. What is the maximum bending stress fc in the 
column? 

The slope at the end of the girder is approximately <j5» = | fgL/Ecg. 
The stress QurvQ in the Qclumn is a.s showp if it is of uniferm section^ 
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since there is rotation without deflection at the top. 
page 34.) 


^ 4 Ec, 


(See also Fig. 9, 


Since the rotation is the same in both girder and column 

2 Ecg 4 Ecc 

fc _ Ec Cc 

fg ^ ^g 

If c = d/2 in both cases 

ok^ 

h dg 

g d/h of column 
d/L of girder 

This solution, however, merely indicates a method and gives some 
idea of the effect. It neglects two facts: the column is not of uniform 
section to the center of the girder; the maximum stress in the column 
occurs not at the center but near the bottom of the girder. It also as¬ 
sumes that the rotation of the end of the girder is not restrained appre¬ 
ciably by the column. 

We might now proceed to solve the problem on the assumption that 
the stress curve in the column was as shown on the left in the figure. 
In this case, however, note that we should compute the slope so that 
the deflection of the column is zero at A; it is evidently not zero at B. 

Remarks on Stress Areas. This is a very powerful method of reason¬ 
ing in many cases. 

Note that 

Slope cc 

fjj 

Deflection cc 4^ 


fg 


If the slope or deflection is fixed, the stress from this source will bo 
increased if we make the beam deeper, and cannot be decreased by 
making the beam wider or by adding flange material. For fixed dis¬ 
placements and given depths the resulting stresses are fixed, and these 
must be deducted from the allowable stresses to determine a working 
stress for design at critical sections. 

Comparative Deflections. By studying the f/c curves, interesting 
comparative data as to the action of structures under load are obtained. 
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After the results are computed, their significance often presents the first 
real difficulty. There is little doubt that there is an intimate relation 
between flexibility, vibration, impact and durability. A structure is a 
machine absorbing and giving out work as loads are applied or removed. 
But such statements as these are very vague and not immediately help¬ 
ful. There is doubtless sound engineering judgment back of the stand¬ 
ard acceptance test of limited deflection under a test load. Deflections 
exceeding those computed hang up a pretty definite danger sign that 
somewhere the structure is not acting as design theory would indicate. 

In a sense, deflection measurements are equivalent to strain gauge 
measurements for the structure as a whole instead of for its constituent 
parts. Like strain gauge measurements also, they are frightfully 
diflicult to interpret, and may be quite misleading in structures of rein¬ 
forced concrete. 


Uniform Load-^ 


1 


V 'i' f 1 





/p. C. Beam — Simply Supported 

□ 


Computed Max, Stress for Low Loads 

r 


^ - ''^i^ension taken throughout by the concrete 

"T. 

At Low 

Computed Max. Stress for Working Loads 

Loads 

(c.) 


^^■^^racking - Some Bond Siip'"'"'^^ 

Tension in concrete where not cracked 

T 

At Working 

Computed Max. Stress for High Loads 

Loads 

(b) 


J\ Cracking and Bond Slip \ 

T 

f 

/ Tension in concrete \ 

jx where not cracked \ 


At High Loads 

(c) 

Fig. 21. Stress Areas — Beam of Reinforced Concrete. 


Limitation of the Application of Stress Areas to Reinforced Concrete. 
There are serious difficulties in applying these methods, or the method 
of area moments, which is the same thing in another form, to reinforced- 
concrete beams. The difficulty arises from the fact that we know the 
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maximum value that / may have at a crack, but we do not know its 
variations. Thus, in a beam of reinforced concrete simply supported 
and having the same reinforcement throughout, the stress in the steel 
might vary somewhat as shown in Fig. 21. The neutral axis, moreover, 
and hence the value of c, shifts from section to section. 



Fia. 22. Frames Distorted Laterally — Joints without Rotation. 

We may enumerate the uncertainties: 

(a) The steel stress depends on the amount of cracking. 

(b) The steel stress is affected by bond slip in the cracked area. 

(c) Both these factors affect the c values for the steel, as does also the 

uncertainty of B for concrete. 

(d) The E of the concrete varies with time. 
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Consequently the deflection of the simplest concrete beam is diflScult 
to predict. When the problem is complicated by the addition of a slab 
and the uncertainties of its action^ we may as well guess at the deflection 
in the first place, of course using any experience that we may have had 
with similar structures. 

This fact does not necessarily, or commonly, affect seriously the elastic 
analysis. But it is important to recognize it as a fact. 

Geometry of Deformation of Frames. In the study of continuous 
frames it is sometimes convenient to imagine a forced deformation and 
compute the resulting forces. In most cases the relative deformation 
of points on the frame is obvious, but occasionally it involves interesting 
problems in geometry. 

For example, suppose that in the frames shown in Fig. 22 joint A 
is displaced a known distance A by forces acting on the structure. It 
is desired to find the movement of all other joints, neglecting any slight 
change in length of the members. 

Thus in (a) it is evident that the tops of all columns must have the 
same horizontal movement if we neglect any slight change in length of 
the girder. 

In case (6), point B must move perpendicular to the column on the 
principle that for very short arcs the chord is normal to the radius. 
With reference to the new position of point A, point B must move nor¬ 
mal to the girder. We can then draw the deformation triangle shown 
in (&). The direction and value of one deformation. A, is known, and 
so are the directions of the other two, Ai and A 2 . Also Ai is measured 
from the earth, the initial point of the diagram. 

Case (c) is similar to case (6). 

In case (d) the diagram is extended to three columns; it might be 
extended to any number of spans. 

In the above cases there is only one degree of freedom of movement; 
the joints cannot be independently displaced. In case (e), however, 
there is more than one degree of freedom; the movement of all joints 
does not follow merely from knowledge of that of one joint. 

A further application of the method is illustrated in Fig. 23. It is 
desired, in this case, merely to see how important the matter is, to find 
the effect of shearing distortion and of longitudinal deformation of the 
members on the moments in the frame there shown. This effect is 
usually entirely neglected because it is of no importance; in trusses, 
however, it is the source of important secondary stresses. 

In Fig. 23, suppose we have first analyzed the structure, by methods 
to be discussed, neglecting the effect of these linear distortions, and from 
the forces thus found have computed the shearing distortion and change 
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in length of each member of the frame. Then lay off a diagram for 
these distortions as shown in (6). It will be found that the diagram 
does not close; that end C of girder AC, for example, does not coincide 
with end C of column CD. 

In order to bring the structure together again it will be necessary to 
produce forced deformations as by bending these members enough to 
bring their ends together. The diagram gives the amount of such bend¬ 


er 



(b) 


Fig. 23. Distortions Due to Shear and Longitudinal Forces in a Frame. 


ing required. This may then be produced and the resulting moments 
in the structure computed. Of course, this changes somewhat the forces 
in the structure, but it will usually be evident, now, that the effect of 
shearing distortions and of longitudinal distortions is unimportant. 


B. The Column Analogy 

</The Tool. The column analogy is a mathematical identity between 
the moments produced by continuity in a beam, bent or arch and the 
fiber stresses in a short column eccentrically loaded. The advantage of 
the analogy is the same as that of the analogy of moment areas or stress 
areas or angle weights. It reduces certain procedures in the determina¬ 
tion of bending moments in continuous structures to a routine which is 
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familiar to structural engineers in the stress analysis of column sections 
eccentrically loaded. 

The column analogy, then, is a tool. It is a rather mechanical device, 
like other tools, satisfactory if it works rapidly and accurately. It 
should be as mechanical and systematic as possible. One should satisfy 
himself once for all of its correctness and dependability and then learn 
to use it rapidly. 

Because it is a mechanical tool — a formula, an analogy — it is not 
especially illuminating. The results got by the column analogy need 
to be interpreted in the more familiar terms of pressure lines and de¬ 
formed structures already explained. The column analogy simply does 
with precision what these methods do somewhat crudely. 

Uses of this Tool. The column analogy is used in this text first as 
an auxiliary to the method of moment distribution, where beams are 
of varying cross-section. Moment distribution assumes that the fixed- 
end moments, the stiffness and the carry-over factor are known in all 
beams in a frame. These terms are defined as 

Fixed-end moments: Moments at the ends of a beam due to loads, 
or sometimes to other causes, if both ends of the beam are rigidly 
fixed into immovable supports. 

Stiffness of a beam at one end: The moment required to produce 
unit rotation of that end when both ends are supported and the 
other end held fixed. 

Carry-over factor (at the rotating end): The ratio of the moment at 
the fixed end to the moment producing rotation in the case just 
mentioned. 

The column analogy is used later as a convenient method of deter¬ 
mining the bending moments and the lines of thrust in arches of rein¬ 
forced concrete when they are acted on by loads, by changes of tempera¬ 
ture or by movement of abutments. It is also used to determine the 
properties of arches and of piers in a series of continuous arches. 

In Chapter VII the column analogy is used in the analysis of certain 
problems in framed bents. This is the easiest field in which to illustrate 
the principle, but it is not the most important field of its application. 

The column analogy has many other uses. It may be applied to 
closed elastic rings, such as pipes or tunnel sections, to structures having 
hinges, to computations of deflection. The function of this text, how¬ 
ever, is not to exhibit all its applications in mechanics, but rather to 
show how it may be used as a ready tool in the design of continuous 
structures of concrete. 
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The Analogy. Suppose that a structure such as the bent shown in 
Fig. 24 (a) is cut at some section A and the two sides of the cut are 
rotated T\ith reference to each other through a very small angle 4>. If 



Fig. 24, Rectangular Bent and its Analogous Column. 

the foot of one of the columns, £, is free, it will move to position B'. 
Then 

Rotation = <j> 

Horizontal displacement = <j>yi 
Vertical displacement = <l>xi' 

If the foot of the column is not free to move it will be restrained by some 
force F which will set up bending moments throughout the structure. 

The position and magnitude of the force F must be such as to produce 
displacements at B equal and opposite to those produced by 4>. 

Let the moment at some section C due to F be rm. This will produce 
flexural rotation in a short length of beam at C equal to m^ds/EI. 
This in turn will produce at B 
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Rotation = 
Horizontal displacement = 
Vertical displacement = 



ds 

rrii 

El 


ds 

mi 

Ei ^ 


ds 

mi 



If, then, B is to remain fixed 


r ds 

J 

r ds 
r ds 


—(j) 

= —^xi 

= ~4>'yi 


Moreover, the values of m,- evidently vary directly as the first powers 
of z and y {mi is a Knear function of x, y), since, at any point, m,- equals 
F times the lever arm. 

This condition, that nii is a linear function of x, y, and the three pre¬ 
ceding equations are sufficient to determine all values of m; and hence 
to determine F. 

But we have solved this problem in mathematics before. Consider 
the short length of column (block) shown in Fig. 24 (6). It has the same 
shape as the front elevation of the bent, but has very small width equal 
to 1/{EI) of the different members of the bent. It is loaded with load 
<ji at A. 

The fiber stresses at the base of this block are given by the general 
equation of flexure in a symmetrical section. 


/ = 


P 

A 




where P is the load on the section. 

Mx is the moment of the load along the axis X about the cen- 
troidal axis Y. 

My is the moment along axis Y. 

A is the area of the section. 

Ix is the moment of inertia of the area along the axis of X about 
the centroidal axis Y. , 

ly is the moment of inertia along axis Y. 

X and y are coordinates of any point on the section. 

This formula for flexure consists of the familiar formulas / = P/J. 
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for a short centrally loaded strut and the beam formula / Me/1, It 

is derived from the facts that 

(1) / is assumed to be a linear function of y. 

( 2 ) JfdA = -P. i'LV = 0 .) 

(3) JfdAz^ -M^. CLM, = 0.) 

(4) JfdAy= -My. iHMy = 0.) 

If in this particular strut we write instead of /, we could restate 
these as 

(1) mi is a linear function of x, y. 

( 2 ) -<i>. 



These are the conditions controlling m; in the bent, and so the ex¬ 
pressions for / in the strut and m; in the bent are the same. If we can 
compute / in this strut, we know mi in the bent. 

The above reasoning holds no matter what produces the rotations 4> 
and no matter how many of them there are. We can still find the mo¬ 
ments necessary to preserve continuity — the indeterminate moments, 
whence the designation mi — as fiber stresses on a short strut loaded 
with loads 4> and having the same dimensions of cross-section as the 
bent except that it has widths equal to 1/iEI) values of the bent. 

The figure shown in (jb) (Fig. 24), having small widths equal to 
1/(EI) of the structure, any short length whatever, and otherwise the 
same dimensions as the bent, is called the analogous column for that 
bent. 

The rotations cl>, as stated, may be due to any cause whatever. Some¬ 
times they may be actual measurable rotations, as, for example, where 
it is desired to find the moments produced in a bent or arch by the tip¬ 
ping of an abutment; sometimes they may be imaginary rotations, as 
where it is desired to find the moment needed to rotate one end of a 
beam when the other end is fibced (the stiffness of the beam as used in 
applying the method of moment distribution), or where an imaginary 
rotation is produced at some point in a structure to produce deflections 
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corresponding to influence ordinates; in most problems they are due to 
loads on the structure. 


A linear movement without rotation may be produced by two equal 
and opposite rotations about points on a line normal to the direction of 
movement. Thus the short black line shown 
at A, Fig. 25, will take up the position shown 
at B if rotated about Oi (0 is very small) and \ 

then the position shown at C if coxmter-rotated 
about O 2 . If, then, rotations are represented \b c 

by loads on the analogous column, linear move- A "" 

ments are represented on the analogous column 
by couples and may be treated as moments 
about the line of movement. 


If the rotations 0 are due to loads on the 
structure, they have values 


0 = 


El 


Fig. 25. Linear Dis¬ 
placement Due to Equal 
and Opposite Angular 
Rotations. 


where rris is the moment at any section produced by the loads acting 
on the structure if cut in any way so that it is statically determinate. 

But this is the same as loading the short block in Fig. 24 (6) with an 
intensity of load To find the indeterminate moments due to loads, 
then, draw any convenient curve of moments on the structure for those 
loads, consider these as intensities of pressure on the analogous column, 
and compute fiber stresses. The total moment at any point is the differ¬ 
ence of the moments statically determined, and the indeterminate 
moments nii. 

Unsymmetrical Sections. Thus far we have restricted the discussion 
to a symmetrical section because the flexure formula as usually given 
is so restricted. A general form* of the formula for flexure is: 


where 




* For a derivation of this formula, see ^'The Column Analogy,by Hardy Cross, 
Bui. 215, Eng. Exp. Sta., Univ. Ill., 1930. 
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All terms are as defined in the formula for symmetrical sections given 
above, except 

is the product of inertia of the area of the section about the two 
axes X and Y through the centroid.* 


This formula is applicable in the column analogy to unsymmetrical 
bents and arches in the same way that the more usual formula is ap¬ 
plicable to the symmetrical case. 

The Indeterminate Force F. In 
Fig. 24 (a), page 48, F is the inde¬ 
terminate force needed to produce 
continuity. It evidently represents 
changes in the reactions. 

Along the line of action of F, the 
indeterminate moment is zero. It 
acts, then, along a line corresponding 
to the neutral axis of the analogous 
column section for the given load¬ 
ing, where / = 0. 

Components of F are 

-v"- and Vi = -T— 
by 5x 



Fig. 26. 


Product of Inertia of a 
Narrow Area. 


hi = 


or the rate of change of m,* per unit of vertical or of horizontal distance. 
On the analogous column, we have the general formula 


by 



bx 


In the symmetrical case, of course, this reduces to 


by ly 


and 


bx h 


* The product of inertia of an area about any two axes XX and FF (Fig. 26) is 
Area X (product of coordinates of its centroid measured from axes XX and FF) 
+ (product of inertia of the area about axes through its centroid parallel to the 
axes XX and FF.) 

Ixy = AxV + 

If the area has very small width then 

Ixy = Ax'y' + ^AaxOy 

where x'j y' are coordinates to the center. 

Oy are projections parallel to the axes. (See Fig. 26.) 

The product of inertia about the centroid is positive if the line slopes 
(dy/dx is positive), and negative if it slopes \. 

Of course, this is a general expression including moment of inertia (two axes 
coincident) as a special case. 
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We may, then, find 



My' 

I ' 

ly 


and Vi 


M, 

h 


or 


u 


by the column analogy. 

These are changes in the reactions from the static condition assumed 
and 

H = hs — hi y = — 1). 


The intercepts of the indeterminate force F on the centroidal axes 
are the intercepts of the neutral axis of the beam section.* 



Fig. 27. Neutral Axis — Unsymmetrical Section: 


_ X' 






Xi 



P 

aad 

I,' 

P 

ly 


for unsjnnmetrical sections. 


for symmetrical sections. 


* A general equation for the neutral axis, derived from the above relations (see 
‘^The Column Analogy^’ Bulletin, page 13), which is often very convenient, is 


1.x . y 


where x and y are coordinates of points on the neutral axis, 

X and y are coordinates of the point of application of the resultant load, 

the values x and x being measured horizontally from centroidal axis FF, and the 
ordinates y and y being measured vertically from the axis X'Z'. The axis X'X' 
is located from its slope lxy/I% as shown in Fig. 27. 

Note that the intensity of stress at the centroid is PJAi 
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If the resultant load on the section has coordinates X 2 , y^, the inter¬ 
cepts on the centroidal axes x\, yi, are given by 

XiXi = px 2 / i 2/2 = 



Fig. 28. Neutral Axis — Sym¬ 
metrical Section. 


y 



Y 

Fig. 29. Kern Relations. 



Fig. 30. Graphical Analysis for Eccentric Load. 

* The Kem Relation and Flexure Formulas in Terms of the Kern. In any sym¬ 
metrical beam section a load at any point A (see Fig. 28) having coordinates za, yi 
will produce zero stress at point B, on the Y axis through the centroid, and a on 
the X axis through the centroid if 

ym - Py^ 

and 

where py and px are the radii of gyration along axes Y and X respectively. 

Such expressions often occur in flexural computations and may be referred to a& the 
kern relation between load and point of zero stress. Evidently points B and C de¬ 
fine the neutral axis of the section for a load at A. , . ,. v i i 

Such a relation defines the kern of a section, which is the area withm which a load 

must lie if there is to be no tension on the section. 

It is not of any use to know very much about the kern; the whole subject has given 
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Signs of Bending Moments in the Column Analogy. The bending 
moments in the column analogy are taken as positive when they pro¬ 
duce tension on the bottom of a beam or on the inside of an arch or bent. 
Thus they conform in the case of the beam and arch and in the girders 
of bents to the usual convention of signs used in design. In the col¬ 
umns of bents, this convention of signs is the same as that used later in 
the method of moment distribution for the column on the left-hand side 
of the bent, but it is different in the column on the right-hand side. 

Positive rotations are such as would be produced by positive bending 
moments. It does not seem especially important to try to set up a 

rise to much needless mathematical elaboration. It is, however, sometimes useful 
to know that the flexural formulas may be written in terms of moments about the 
kern points. 

Thus in the reinforced-concrete section shown in Fig. 29 it is desired to find the 
stress at A due to load at B. It is assumed that B is so located that there is no 
tension on the section, i.e., all concrete is acting. 



where A and I are taken for the transformed section. 

The distance of the kern for face A from the centroid is ^ 

a 

2 


Hence 


/a — 


pi 

2 

Ap^ 





where Mk is the moment about the kern point. 
We may also write 



Xa 


Where P is the load. 


A is the area of the section. 

ek is the eccentricity of the load with reference to the kern point, 
— is the distance of the edge of kern from the centroid. 

Xd 


This expression leads to a graphical construction which is sometimes convenient. 
Lay off R/A on the centroid. (See Fig. 30.) Draw through this and the kern 
points to intersect the resultant load. The intercepts on the resultant load are 
outer fiber stresses for the (‘corresponding kern points. 

The kern is sometimes useful where it is known (as is the middle third of a rec¬ 
tangular homogeneous section) or where it is conveniently found. It is sometimes 
useful in applying the column analogy. It is never essential. 
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convention of signs for horizontal and vertical forces, their direction 
nearly always being obvious from the statics of the problem.* 

Tabulation of Computations in the Column Analogy. One of the chief 
advantages of the beam formula is that it provides a definite routine for 
flexural computations. The computations of the properties of the 
section are usually tabulated, and by proper arrangement much work 
may be saved. 

In using the column analogy the arrangements of tabulation shown in 
Figs. 31 and 32 are recommended. If the coordinates x, y and Xi, yi 
are given the proper signs and if the proper sign, according to the con¬ 
vention stated, is given to the static moment m^, all signs in this table 
follow automatically. 

The steps in the procedure are numbered in the tables: (1) Fill out 
given properties and loads. (2) Compute derived properties. (3) Find 
totals. (4), (5) and (6) Correct to centroid; correct for dissymmetry 
of section, if any; compute whatever values are desired. 

The values x, y and Xi, yi are taken from any convenient pair of axes 
in the beginning. Coordinates are to be taken positive upward and 
to the right. 

It is to be noted that the analysis of unsymmetrical sections is not 
especially more difficult than is that of symmetrical sections; only two 
additional steps are to be taken. The properties of nearly twice as 
many members — or elastic areas — will need to be computed in the 
unsymmetrical sections, however. 

Choice of Curve of Moments to Use in Applying the Column Analogy. 

Any curve of moments which is statically consistent with the loads may 
be used in applying the column analogy. Some curves of moment are, 
however, very much more convenient than others. Some typical cases 
are shown in Fig. 33. 

In a bent of very irregular section it may sometimes be found con- 

* If anyone wants rules of sign for the changes in reaction, the following will bo 
found convenient in bents and arches: 

(а) For horizontal forces, pull at the abutments (tension in the girder of a bent) is 

positive. 

(б) For vertical forces, use the customary convention for shears in girders. (Posi¬ 

tive shear is up on the left, down on the right.) 

The correct signs for changes in reaction are then automatically determined by the 
column analogy, and the correct values for the reactions follow algebraically from 

V ^ Vs — IH 
H - h - hi 

Positive displacements correspond to positive forces. Positive bending moment is 
positive force times positive distance (distance measured up or to the right from the 
force to the section). 
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Fig. 31 
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Fig. 32 
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venient first to draw a line of pressure by judgment, then design the 
structure using the moments found from this pressure line and finally 
use this same curve of moments in the column analogy as a final check 
on the design. 

Note that the same statically determinate structure does not need to 
be used for all the loads. Note also in these diagrams (Fig. 33) that 




(m) (n) (o) (p) 


Fig. 33. Column Analogy — Typical Static Moment Curves. 


only moments along the axis of the ring are significant.. Moments along 
projecting cantilevers in (e), (f) and (i), and the dotted portions of the 
curves in (g), (n) and (p), do not enter the analysis. The moment M 
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at the upper joint in (h) is a known external moment such as might 
come from a projecting member not shown in the figure. 

In (j) the curve of moments for uniform load has been so drawn that 
there is no moment in the parabolic member. This is possible where 
both the moment curve and the member have the same shape. 

Hinges in the Column Analogy. Hinges are not common in struc¬ 
tures of reinforced concrete. Some concrete arches have been built 



Fig. 34. Column Analogy — Beam of Constant Section. 


with two hinges and a few with three, the hinges being sometimes of 
metal, sometimes of stone and sometimes merely places of predeter¬ 
mined weakness of the concrete section. Some engineers favor this 
type of construction. 

The differential areas (.ds)/(BD used in the column analogy represent 
the rotation per unit of moment in a short length. If a moment is 
constantly applied to a frictionless hinge, the rotation would be un¬ 
limited. In the column analogy, then, the area of a hinge may be 
taken as infinite. 

Illustrations of the Colmnn Analogy. The following simple illustra¬ 
tions of the column analogy are given here. Others will be found 
throughout the book, especially in: 
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Chapter V. Applications to beams of varying section. 

Chapter VII. xApplications to bents. 

Chapter IX. Applications to arches. 

(a) End Moments in Beams of Constant Section, As an illustration 
of the column analogy let it be required to compute the end moments 
on the fixed-ended beam shown in Fig. 34 — assuming constant moment 
of inertia. Consider the moment curve shown^ produced by the load 
P on a beam simply supported at its ends. Any static moment curve 
such as one due to a cantilever over length a or & might equally well 
have been used. 

In this case, then, the analogous column section is a strip of length 
L and width 1/(PJ). Both E and I are assumed constant in this case 
and may be given a relative value of unity. The column section thus 
becomes simply A = L, and the load is P = + mL/2, Since = 0 



Fig. 35. Graphical Construction for Fixed-end Moment. 


^t both A and B for the simple-beam moment curve assumed, the end 
moments follow directly from the kern-moment relation as 


Ma = 


QMk 

AL 


mL b 
2 3 
LL 


= m^ 


Mi 


a 


where m = PablL, the simple-beam moment at the load. Subtracting 
these from the static moment at the end (zero) gives 


Ma = 




Jb 


With the aid of very simple integration this formula is sufficient for 
the determination of fixed-end moments on prismatic beams for all 
conditions of loading. Stated in words, it follows that, for uniform 

* This construction may be made graphically as shown in Fig. 35. It scarcely 
needs explanation. 
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section, the moment at one end of a fixed-ended span due to a concen¬ 
trated load is equal to the moment which would exist under that load 
if the beam were simply supported, times the proportional distance of 

the load from the other end of the 
span. For a combined or multiple 
loading the separate moments may be 
obtained for each loading and added 
together. 

Applying the above formula to the 
case of uniform load extending over 
only a portion of the span, as in Fig. 
36 

M.-T' Oi’ - 8Li. + 3L.<) 

For full uniform load the moment diagram is a parabola and therefore 
f - P/A corresponds to 

M = - ^ = - 1/12 WL* 

A L 






^^wperft \£ 


Fig. 36. Beam with Fixed Ends— 
Uniform Load over Part of Span. 


where TF = wL. 

Fig. 38 shows a beam of uniform section, fixed at A and hinged at B, 
subject to a single concentrated load P. The hinge has an elastic area 
of 00 and hence both the centroid and kern point (for end A) of the 
infinite column section lie at the hinge. Whence 


]\^(i 


mL L b y 

~h ” 2L 


This value is more conveniently found by the principle of moment 
distribution as later explained. 

(&) End Moments Due to Rotation — Moment Distribution. As a 
problem useful in the study of moment distribution and further illus¬ 
trating the application of the column analogy consider a beam of uni¬ 
form section fixed at one end B and subject to a unit rotation at the other 
end A, Fig. 39. This rotation or angle change is equivalent to a load 

* The area of a parabola is two-thirds the area of the circumscribing rectangle as 
indicated in Fig. 37. This figure also contains other useful data for some simple 
geometrical figures. 
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Fig. 38. Column Analogy — Beam Fig. 39. Stiffness of Beam — Con- 
Hinged at One End. stant Section. 
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unity on the analogous column. For rectangular sections, a conven¬ 
ient form of the flexure formula is: 


Whence 


/ = 




= ±3) 


Writing K for IjL 

Ma = Mi= - 2EK = - Wa 


From this it is seen that if- B is made a hinged joint as in Fig. 40, and 
its moment released, one-half of it will be carried over to A with opposite 
sign. That is, for hinge at B: 


Ma 


MkX ILL _ dEI 
3 El 


This shows that a beam fixed at one end is three-fourths as stiff — offers 
three-fourths as much resistance to rotation — as a beam fixed at both 
ends. 


Hinge 






\HP=yA 




Fig. 40. Stiffness of Beam — Far End Hinged. 


(c) Static Moment DiagramsAf)- Column Analogy. Fig. 41 is a further 
illustration of the column analogy showing the application of three 
different static moment curves to the same numerical problem. The 
formula M = m(fllL) is, of course, sufficient for writing the end mo¬ 
ments: 


Ma = 


10 X 5 X 152 
400 


-28.15 Mi = 


10 X 52 X 15 
400 


= -9.35 


The solution therefore has value only as an illustration of the use 
of different static moment diagrams — diagrams due to the given load- 
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ing which satisfy statics — in the column analogy. The final moment 
diagrams were constructed in each case by combining the assumed 
moment diagram with that due to the end restraint. The results are 
of course the same in all solutions. 



(d) Properties of Beams in which Depth is Not Constant. The column 
analogy is particularly useful in studying beams having varying section. 
As an illustration of method consider the fixed beam with the shape 
shown in Fig. 42 and neglect the fact that ordinary flexural relations 
would not hold near the reentrant angles. For a constant width the 
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relative / values will be taken to vary as the cube of the depth, or simply 
as 1 and 8. Using a cantilever moment diagram the loading and prop¬ 
erties of the 1; 1 curve are as shown (noting that the moment of inertia 
of each section about its own centroidal axis is %q = 1/12 aU, and the 
moment of inertia of each section about the common centroid is Jo = 

In the ordinary problem where the depth of haunch varies gradually, 
it is sufficient to compute the a and P (= ma) values over short lengths 



Shear 

Fig. 42. Column Analogy — Beam of Varying Section. 


of the haunch, getting the total resultant load and its moment and the 
elastic properties of the section. Integration will almost never be 
necessary, as the precision increases rapidly as the number of divisions 
is increased. 

A beam symmetrically haunched is shown in Fig. 43 and is analyzed 
for end moments due to a uniform load and also for end moments due 
to a rotation at one end. 

In Fig. 44 a beam unsymmetrically haunched is shown, and this is 
analyzed for end moments due to rotations at the ends. 

{e) Beams Assumed Infinitely Stiff Near Their Ends, The problem 
often occurs of analyzing a frame consisting of a series of beams and 

* There is no advantage in using the kern in this computation. It is used here 
simply because it was used in the case of the beam of constant section. 

** The shear is found here by taking moments about point B. We might also find 
it as Vs — Vi in the column analogy. 
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Y-i- of Span 



Section 
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d 
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DC 

CO 
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P 



1 

3 

ns 
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1.97 
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a=12^ 
in this 

2 

3 

1.45 

±4.5 
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+204.7 

+200 


8 

3 

1.75 
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0.56 

3150 

04Z 

4168.8 

¥94 


4 

3 

2.05 

±10.5 

0.35 

38.65 

026 

4115.0 

¥40 


computation. 
Hence b-12ft. 

5 

3 

2.35 

±13.5 

023 

41J90 

017 
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¥10 


E-1 





409 

13933 


¥782 




Multiplied by 

2 
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\8.18 

278.7 







+78Z 


= +J9I 


fi-h 


4 = 


4.09 

TTVi = 0-{+191)=~191^-^ 

/f support rotates one unit:--- 




Ffncf the moment necessary to give unit rotation 
by applying a unit load at '' on the analogous column 


Then 


1 


8.18 


+ 


i-J5l-!5] 

278.7 


= + 0.929 


8 . 18 ^ 278.7 • 

772.^ = Moment necessary to produce unit rotation at end ’I 

= Moment at end due to restraint, when end ” is rotated one unit; 
or^ mvi for any given rotation at end '^4" when ^^B”is fked will be 

- 0.687 


•¥ 0.929 


XTTZ/^^ 


Fig. 43. Column Analogy — Beam Symmetrically Haunched, 
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Section 

Lengfh 
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d 
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[a)-For Unif Rofafion at “A” — apply unit load on analogous column of “A 


fhen-.nrs^^^ 


1 + =+0.433, momen! necessary for unit rofafion af"A’\ 


599 


and mi = - ~ niomenf of far end “B’^ue fo resfrainf. 

(5)-far Unit Rofafion af apply unit had on analogous column af 

them Tn^i = necessary for unit rotation af^^B'l 


S99 


^^^ 9.05 


^ moment af far end '^due fo restraint 


In (a), then, for any given rofafion or moment af end 
->>7 - 0.263 y _ ^ f 

!n {l]^fhen,fon any given rofafion or momenf af end "B”: 


^ __ — 0.263 V ^ 
0.544^ 


Fig. 44. Column Analogy — Beam Unsymmetrically Haunched. 
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columns on the assumption that there is no deformation within the 
joint.* This is equivalent to assuming that 1/{EI) = 0 beyond the 
faces of intersection. Let us find the end moments for uniform and for 
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- '«(fr 
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—■j(/-h3a>) 
for small values ofcu 


Fig. 45. Column Analogy — Beam Very Stiff Near Ends. 


concentrated loads, and the end moments at each end, for unit rotation 

of one end, for the beam shown in Fig. 45. 

It is not worth while to make an analysis of this case to find the 

moments due to load. At sections C and D they may be found as 

1 Pcd c 

for uniform load, and for concentrated load they are ji 

^ respectively. The values follow from formulas already given 

for beams fixed at ends. To find moments at A and at B add to the 
moments just found the corresponding shears at A and at B respectively 
multiplied by aL. 

The analyses for unit rotation follow methods explained above. 

* See curves for this case in Chapter V. 
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(/) Colu 7 nn Analogy Applied to a Hinged Bent, In Fig. 46 is shown 
a bent hinged at the base with a single concentrated load on top and a 
wind load on the side. The problem is taken for illustration of method; 
for practical w^ork, gravity loads and wind loads should be treated 
separately. 

Note that the moment of inertia of the hinges is zero and their 
elastic areas infinite. Hence the total elastic area is infinite, the mo- 
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Fig. 46. Column Analogy — Rectangular Bent, Hinged at Base. 


ment of inertia about a vertical axis is also infinite, and the horizontal 
centroidal axis passes through the hinges. 

The curve of moments selected for the vertical load is that on the 
girder treated as a simple beam. The curve of moments for the hori¬ 
zontal loads is taken for an arch with hinges at A, B and D, 

(^) Other Illustrations of the Column Analogy A Assume the rec¬ 
tangular bent shown in Figs. 47 and 48. Let the loads be a vertical 
load of 10^ on the top and a horizontal load of 6^ uniformly distributed 

* These and some other examples in this chapter are taken from BuL 215, Eng. 
Exp. Sta., Univ. Ill. 
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along one side. It is desired to draw separate moment curves for the 
two cases of loading. 

Assume as convenient axes a vertical through the center of b and 
a horizontal through the center of aa. Tabulate length L, moment 
of inertia I, horizontal coordinate of centroid x and vertical coordinate 
of centroid y for each of the members a, b and a. 

Also record the elastic loads and their centroids. For the load of 
10^, treating the girder as a simple beam, we have the moment curve 
shown, average moment + 66.7/2, area loaded 3, and hence P = +33.3 
X 3 = +100. The centroid is as shown, and x = —1.7, y = +6. 
Whence = (-1,7) X (+100) == -170.0 and = (+6) X (+100) 
= +600. 

For the horizontal load draw the curve of moments for the column 
as a cantilever. Average moment — 36/3 = —12; area loaded = 6. 
Hence P = (—12) X 6 = —72. Also x — —15, ?/ = —3. = 

(-15) X (-72) = +1080 and - (-3) X (-72) = +216. 

Compute a, axj ax^ + 4, ay‘^ + iy for each member. The centroidal 
moment of inertia (4 and 4) equals 1/12 a X (projection along the axis)^. 
Find the totals. 

Reducing to the centroid, r = 0, y = +18/15 = +1.2. Find Ax^^ 
Px, Py and subtract. 

The intercepts of the neutral axis for the two conditions of loading 

P /A P/A 

are now found as Xi = — t/tT 2/i = J T ' / r * vertical 

iKXjc/ lx jyLy/ly 

load compute h = My/Iy = +2.1, and for the horizontal load compute 
Vi = Mxjlx = +0,37. The neutral axes are then plotted, and on them 
the original curves of moments are drawn to the scale of distance. 
For the vertical load plot for static moments 66.7/2,1 = 31.7 ft.; for the 
horizontal loads, 36/0.37 = 97.3 ft. 

In Fig, 49 is shown a reinforced-concrete bent having a monitor. The 
dead load on the roof is assumed uniform at 1000 lb. per horizontal foot. 

In this case both load and structure are symmetrical, and there is no 
need to compute moment of inertia about the axis of F. The axes are 
taken on the vertical center line and through the center of members aa. 

The moment areas and their centroids for the different members 
have been computed separately by breaking them up into trapezoids 
and parabolas. 

The same procedure is followed as in the preceding problem. The 
neutral axis, however, is horizontal, hi = My/Iy = +11.1. Inter- 

P/A 

cept of neutral axis yi = — = —3.92. The rise of the pres¬ 

sure line is 200/llT = 18.00 ft. 




Fig. 47. Column Analogy — Rectangular Bent. (See Fig. 48.) 
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The signs of the intercepts of the neutral axis can usually be found 
by inspection; since the neutral axis lies on the side of the centroid 
opposite to the load. 

In Fig. 50 is shown an unsymmetrical bent subjected to vertical 
loads. The tabulation of elastic properties and of elastic loads follows 
the procedure already explained.* The elastic moments may also be 
conveniently computed as previously explained. The trial axes are 
taken as the vertical halfway between columns and the horizontal 
through the center of member a. 

The correction to the centroid also follows the procedure already 
explained. 

The correction for diss 3 nnmetry is made as follows: 
for I sc in column (6) write ( — 2854) ^ 320 ^) ~ 

for Ma in column (15), write My • ^ = (+24310) ^ 3209 ) ~ ”21620 
for ly in column (9), write (—2854) ^ = 614 

T /—-2854\ 

for My in column (16), write Mx • ^ = (+830) ~ 

Subtract these corrections to get //, MJ, ly and My\ 

The bending moment at any point, such as 0, may now be found 
as Af = — rriij as shown. 


C. Geometry of Influence Lines 

Much of the materiaLin this book will be found to be new. The 
fundamental principles, however, are very old — as old as geometry. 
Most of the classical methods of analysis of indeterminate structures 
were developed for use in continuous structures of steel and are stiU 
useful in these problems. But the problems of continuous steel struc¬ 
tures are usually relatively simple, the structures being commonly 
indeterminate in the first or second degree. Methods which are con¬ 
venient in the analysis of such structures become unwieldy when applied 
to continuous structures of reinforced concrete, which are quite often 
indeterminate to the fifteenth or twentieth degree. A few classical 
methods are included below for subsequent use. 

* The values given for member d in columns 14, 15 and 16, and values de¬ 
pendent on these, differ from those given on page 40 of the Bulletin. The values 
given in the Bulletin involve a numerical error. 
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The Principle of Virtual Work. Assume any structure acted upon by 
loads and reactions and let it be required to determine the deflection 
A in the direction ah of any point a. Consider first the stretch — call 
it § — of any differential fiber. Now if we consider a unit hypothetical 
resistance to motion at a to produce a stress u in the fiber, then the 
external work would be 1 X A, and the internal work will be X 
then 

A = lib 

Each fiber produces its independent deflection and hence 

Total A = 

Reference has been made to the stretch of a differential fiber. We 
might, without affecting the argument, have referred equally well to 
the shearing distortion of a differential cube, to the rotational distortion 
of a differential cylinder, to internal angular displacement or to any 
internal distortion. 

Also, it is possible to deal with external rotation at a instead of trans¬ 
lation. The hypothetical unit force is then a unit moment. Then 

Rotation at a = 


in which u is the stress in each small particle due to a unit moment at a, 
and 5 is the distortion actually existing in the particle. 

Summarized, the principle of virtual work states that displacement, 
linear or angular, at any point in a structure is equal to the sum of the 
product of the internal distortions by imaginary internal resistances to 
such distortion produced by a unit hypothetical force of displacement, 
i.e., a unit force at the point and in the direction of the displacement. 
The reactions to this hypothetical force of displacement will fix the refer¬ 
ence by which the displacement may be measured. 

The Reciprocal Theorem. Suppose we wish to find the displacement 
or rotation at any point A, of a structure, due to a unit force acting at 
some other point B on the structure. To do this by virtual work we 
could, theoretically, proceed as follows: 

(a) Find the stress s on each separate fiber of the structure due to 
the load. The deformation in that fiber is 



(6) Find the stress u in each fiber due a unit resistance to the move¬ 
ment at A. 


Then the movement at A = = 


E 


suL 

AE 
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Now reverse the process. Suppose a load at A corresponding to the 
previous movement at A — that is, a horizontal load if the movement 
at Aj which we were discussing above, 'was horizontal, a vertical load if 
it was vertical, a couple if it was a rotation. We want the movement at 
B corresponding, as just explained, to the former load at B. To apply 
'wtual work: 

(a) Find unit stresses as above due to load at A. They will have the 
values u found above. Find 5 = uLjA E, 

(b) Find stresses for unit resistance to movement at B. They will 
have the values s found above. 

Then the movement at R = 2 

But this is the same expression as before.* 

The argument has been stated in terms of longitudinal distortion of 
fibers, but it would be the same if stated in terms of shears or torsions. 

Hence, if '' displacement is interpreted in a general sense as either 
linear or angular, and “ load in a general sense as either force or mo- 



Fig. 51. Reciprocal Relation of Displacements. 


ment, then in any structure the displacement at A due to a load at B 
has the same value as the displacement at B due to the same load at 
provided that both at A and B the force and the displacement are of 
the same nature, linear displacement corresponding to force along its 
line of action, and rotation corresponding to moment. This is illus¬ 
trated in Fig. 51. 

This important theorem, which may be called the general theorem of 
reciprocal displacements, leads at once to a general method of drawing 
influence lines. 

* If the physical properties of the structure are not changed by the new arrange¬ 
ment of loading, that is, if Hooke’s Law holds, the value of E will be the same in the 
two cases. The principle deduced here is limited to structures which follow Hookers 
Law. This limitation is not of much, or any, practical significance, however. 
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Influence Lines as Deflected Structures. Suppose we want the 
influence line for some function such as the moment at A in the continu¬ 
ous beam shown in Fig. 52 (a). We could find it as follows: 

(а) Place an imaginary hinge at A. 

(б) Place a unit vertical load at any point B. 

(c) Find the relative rotation of the beam axis on the two sides of the 
hinge. 

(d) Find the relative rotation of the beam axis on the two sides of 
the hinge due to a unit couple acting on each side of the hinge. Fig. 


52 (&). 

(e) Then 


Ma = 


rotation at hinge A due to unit load at B 
rotation at hinge A due to unit couples at A 



Fig. 52. Influence Line as a Deflected Structure. 


But, by the reciprocal theorem, rotation at hinge A due to unit load 
at B = vertical deflection at B due to unit couples at A. 


TT Tlf — ^^rtical deflection at B due to unit couples at A 
^ rotation at A due to unit couples at A 

Or: Moment at A due to unit vertical load at B in the structure 
without a hinge = vertical deflection at B due to such couples 
at hinge A, in the hinged structure, as would produce unit rotation 
at A. 


We have used the moment as an illustration. In general, produce a 
unit displacement corresponding to the stress for which the influence 
line is desired. It will be seen that, by so doing, the structure may be 
made to draw its own influence line. 

This is the general principle of influence lines, or Miiller-Breslau^s 
principle. It is one of the most beautiful and useful in the theory of 
structural analysis. 

Sketching Influence Lines. Influence lines, then, are deflected 
structures due to a unit deformation in the structure corresponding to 
the stress function for which the influence line is to be drawn. Thus, 
in the simplest case, the influence line for a reaction can be drawn by 
raising the reaction point one unit. In other words, if we let the re- 
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action react through one unit of distance, vertical deflections of the 
structure will be influence ordinates for the reaction due to vertical 
loads on the structure, horizontal deflections of the structure will be 
influence ordinates for horizontal loads on the structure and rotations 
of the tangents will be influence ordinates for moment loads on the 
structure. 

For example, it is desired to draw the influence line for moment at the 
center of the beam shown in Fig. 53 (a). In order to draw an influence 
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Fig. 53. Sketching Influence Lines. Shear 
and Moment in a Continuous Beam. 


Fig. 54. Sketching Influence Lines. 
Horizontal Reaction for a Rectan¬ 
gular Bent. 


line for moment we allow the moment to produce a unit rotation of the 
two sides of the section considered. If then we cut this beam at its 
center and rotate the two sides of the cut with reference to each other, 
it is easy to see that the structure will take somewhat the shape shown 
in the diagram. 

In Fig. 53 (6) is shown the influence line for shear in a continuous 
beam. In Fig. 54 are shown influence lines for horizontal reaction at 
the right base of a rectangular bent. 

The whole subject of influence lines, their construction and use, is 
discussed in Chapter VIII, where many more illustrations of this prin¬ 
ciple will be found. 



CHAPTER IV 
MOMENT DISTRIBUTION 

The Effect of Continuity on Bending Moments. A beam continuous 
over any number of supports will in general have bending moment 
throughout its entire length due to any loading. If only one span of a 
series such as BC in Fig. 1 is loaded, reactions either positive or negative 
will be produced, except in a very special case, at all supports. The 
moment diagram is a combination of the curve of moments due to the 



Fig. 1. Moment Diagram — Continuous Beam. 


loads on the single span treated as a simple beam and the diagram due 
to the moments at the supports. It may be sketched directly on a 
horizontal base line as in (6), or as the combination of the simple beam 
curve mpn and that due to continuity abode as in (c). The simple- 
beam moment curve depends only upon the loads. The moments due 
to continuity depend also on the angular rotation at the supports and 
therefore upon the relative elastic properties of the beams. 

Moment Distribution a Physical Conception. The general method of 
moment distribution now to be presented is applicable to all problems 
in the analysis of continuous frames with members straight or curved, 
with constant or varying section, due to vertical or transverse loading, 
to settlement of supports, or distortions resulting from temperature 
changes. 

The method in general involves the calculation of moments at .the 
ends of all beams in a frame under certain artificial conditions of re¬ 
straint, then a redistribution of unbalanced moments by arithmetical 
proportion when the artificial restraints are removed. 

81 
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A. The Direct Method 

The method is used almost exclusively in this text in the analysis of 
continuous girders and frames. Let us first approach the method 
without any mathematics. Suppose we wish to draw the curve of 

moments on the beam shown in Fig. 2. 

Imagine that joint B is temporarily restrained against rotation. Find 
the end moments on the two fixed-end beams for this condition. We 
have assumed values for these more or less at random. 

The joint at B is unbalanced; there is a moment 50 on one side 
and a moment 80 f on the other side, the unbalanced moment 
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Fig. 2. Moment Distribution. 


being 30 f. When released, then, this joint will turn until the 
total moments on the two sides balance. The 50 will be increased by 
some amount — say 20 — and the 80 will be decreased by 10, so that 

50 + 20 = 80 - 10 

or 50 + a = 80 - (30 - o) 

Evidently the sum of the changes in moment on the two sides of the 
joint must be 30. 

We can conveniently say, then, that the unbalanced moment is 
“ distributed ” between the connecting beams in some way. 

' Now the condition which fixes the ratio of distribution of the un¬ 
balanced moment is the necessity, evident in the picture, that the two 
beams must rotate at B through the same angle. The unbalanced 
moment must be distributed, then, in proportion to the moment neces¬ 
sary to rotate each beam through a given angle at B. 

If we use the term stiffness to mean the moment needed at the end of 



FIXED-END MOMENTS 


83 


a beam which is supported at one end and rigidly fixed at the other end 
to produce unit rotation of this end, we can now say that the unbalanced 
moment is distributed to the connecting beams in proportion to their 
“ stiffness.’’ Note carefully this definition of stiffness it is pictured 
in Fig. 3 — because it implies no relative linear displacement of the two 
ends of the beam. The method then is restricted for the present to 
those cases in which there is no relative movement of the joints of the 
structure. 

Referring again to Fig. 2, it is evident that, when a negative moment 
rotates the beam AR at R, a positive moment is produced at A as shown 
by the curvature of the beam there. Also, when a positive moment ro- 


Rigidly 

Fixed^ 



\ Stiffness of 
^ beam at this joint 


Fig. 3. Stiffness of a Beam. 


tates the beam BC at B, a negative moment is produced at C as shown 
by the curvature. The picture cannot be drawn in any other way. 

Hence the distribution of moments at one end of a beam produces a 
moment of opposite sign to the distributed moment at the other end of 
the beam. We may say, then, that fractions of the distributed moments 
are “ carried over ” to the other ends of the beams with opposite signs. 
We have assumed in this problem that one-half is carried over. 

We may now add the original moments, the distributed moments and 
the moments carried over to get the total moments at the supports. 
These are 

At A -40 + 10 = -30 

At B -50 - 20 = -80 + 10 = -70 

At C -70 - 5 = -75 

This solves the problem so far as indeterminacy is concerned, and we 
can draw the curve of moments and compute shears and reactions by 
statics. 

Fixed-end Moments, Stiffness and Carry-over Factor. In order to 
. solve this problem definitely we need to be able to compute the fixed- 
end moments, the stiffness of the beams and the carry-over factors. 
Note carefully that up to this point we have introduced no theory as to 
the properties of the material of which the beams are made nor any 
theory of bending distortion. In determining the above constants, 
however, we must consider these matters. 

These constants may be determined by the column analogy either for 
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prismatic beams or for beams of varj^g section. Such determinations 
are shoum in Chapter III and in Chapter ^. 

For the present we will confine the discussion to prismatic beams 
beams of constant section throughout. The relations of Figs. 4 and 5 
are summarized here for reference. 

The General Method for Prismatic Beams. In introducing the 
method we used a beam of two spans. Consider now a beam of three 
spans, Fig. 6. We will first consider joints B and C restrained against 
rotation. Suppose that the fixed-end moments are as shown, the 
stiffness ratios are 1 :3 : 2, and all carry-over factors are 1/2. First 
balance joint B, that is, distribute the unbalanced moment 20 to the 


Refaflve 

Sf/ffness 


Fig. 6. Moment Distribution — Three Spans. 



two beams in the ratio 1 : 3. Then balance joint C, that is, distribute 
the unbalanced moment 50 to the two beams in the ratio 3 : 2. 

Both joints are now balanced except for the fact that we have some 
moments to carry over. Carry over, then: 

I 5 = 2.5 i 15 = 7.5 J 30 = 15 and -I 20 = 10 
Just now we are paying little attention to signs, which will be fully 
discussed later. 

Joint B now has an unbalanced moment of 15, and joint C an unbal¬ 


anced moment of 7.5. 

We may repeat this process indefinitely. Evidently there will soon 

be nothing of importance to 
^ £ c\ distribute. Then add up all 

,"2^; j ..^CaM^erMomed' values at each joint. 

Bxed-LndMomenf 50 -30 Moment) Now this procedure applies 

from Beam AB-^ +20 0 x 

TromDeam matter how many supports 

Fig. 7- Moment Distribution — Cantilever, there are in the beam. If the 

joint is a free end, we still dis¬ 
tribute to the connecting beams, but in such a case there is only one con¬ 
necting beam. 

If we have a cantilever end, we distribute the unbalanced moment 
between the adjoining beam and the cantilever. In Fig. 7 we distribute 


/rConfibi'erMoment ; 
n {aFked-EndMoment) 
^ from Beam BC 


Fig. 7. Moment Distribution — Cantilever. 
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the unbalanced 20 between AB and BC, But no moment is needed to 
rotate the end of the cantilever at B; it has no stiffness. The unbal¬ 
anced moment is distributed 20 to AB and 0 to BC. 

Simple Examples, Now follow through in detail the solution shown 
in Fig. 8. 

(1) Consider all supports as joints held against rotation. The mo¬ 
ments at the ends of the loaded span are then fixed-end moments: 
- 1/12 = - 20 ^^ 

(2) One at a time release these unbalanced moments — that is, allow 
the joints to rotate freely — and distribute them to the connecting 
members in proportion to IJL, 

At the left —20.0 released throws +20.0 into this end of the beam as 
there is no other member at the joint. At the second joint the un¬ 



balanced moment (the difference between the fixed-end moments on 
the two sides of the joint) is also —20.0. When this is released, it 
will be divided equally to the two beams, since the J/L values are the 
same, +10.0 on the left and —10.0 on the right, the signs being so chosen 
as to balance the joint. If we use the usual convention of signs for 
bending moments, as we are doing here, the joint will be balanced when 
the total moment is the same in both value and sign on the two sides 
of the joint. A full discussion of signs follows on pages 92-95. 

At the second interior joint and at the right end, the moment is zero 
and no rotation is required. 

(3) Rotation of one end of a member, the other end remaining fixed, 
will produce at the fixed end a moment equal to one-half of the moment 
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“ distributed ” to this member by rotation, and of opposite sign, as 
explained. 

In the problem it T\ill be noticed that all the joints are now balanced, 
and the total moments thus far determined — 0, -10, 0 and 0 — are 


ILLUSTRATIVE PROBLEM 



the actual moments except for the portion carried over to the other end 
of the beam in each case of rotation. In the first span when —20.0 
was released at the left end, one-half of opposite sign or —10.0 was 
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carried over to the other end. MTien the right end received a moment 
of + 10 . 0 , one-half of opposite sign or —5.0 was carried over to the left 
end. These moments must now be balanced and a portion carried 
over as before. 

(4) Evidently any joint which is once balanced will be unbalanced 
only by the moments coming in from other joints and these only need 
further distribution. The series converges rapidly and may be con¬ 
tinued as far as desired. 

Summing up the moments on either side of the joints after the second 
release, the results are 0 , —15.0, +2.5 and 0 . The third approximation 
is 0 , —15.6, +3.8 and 0 . Either is probably sufficiently accurate; 
the final moments are found to be 0 , —16.0, + 4.0 and 0 . 

In Fig. 9 is shown another simple case. The relative I values have 
been taken as proportional to the cube of the depth d. (See page 5.) 
The relative I/L values follow, and for convenience the ratio of the I/L 
of one span to the sum of the two values at the joint is written adjacent 
to the supports. Joints A and D being assumed fixed remain so through¬ 
out, one-haE of the released moments at the adjacent supports being 
carried over to the fixed ends in each case, or finally adjusted at the end 
of the solution as later illustrated in Fig. 21 , page 100. The signs of 
the balancing moments follow auto¬ 
matically so as to balance the joints 
as explained above and as further 
discussed later. 

The moment diagram, if desired, 
may be drawn by combining the end 
moments with the separate static 
moment curves. The shear at either end of a span may be computed 
by taking moments about the other support. Thus, as illustrated in 
Fig. 10, Vi = (Ml — M 2 + Pa)/Lj the signs being best determined by 
inspection. 

Applying this to Fig. 9, the shears in the three spans, as shown in 
( 6 ), are: 



Fig. 10. Shears in Continuous 
Beams. 


F, - ^— ^^'°40 5 °'^ ^ subtraction F, - 4.6 

_ 33.0 - 28.2 + (6.4 X 20.27) _ 3 3 _ 3 ^ 

40.54 

___ 28.2 - 24.2 + (10.5 X 14.58) _ ^ , Tr _ ^ . 

Vi= -- =0.4: K 2 = 0.1 


Or preferably the uniform shear due to the difference in the end mo¬ 
ments may be combined with the simple-beam shears, the increase being 
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on the side of the greater moment. This is illustrated in Fig. 9 (c). 
The reactions follow as the sum of the shears on two sides of the support 
as given at the bottom of the figure. 

The Effect of Columns in the Analysis. The method as just stated 
may be used also in cases where the girders are supported on columns. 
No modification is necessary in order to do this if we neglect for the 
present the question of signs. 

Consider the frame shown in Fig. 11. Assume that the fixed-end 
moments are as shown and that the relative stiffness values of the 


Refcfh‘i/e 



members are as represented in circles. The members are assumed to 
be prismatic, so that all carry-over factors are 1/2. For convenience, 
the distribution factors at B may be written as indicated at the support, 
0.3 to BA and 0.6 to BC. 

For the fixed-end moments all joints are unbalanced. We first dis¬ 
tribute all unbalanced moments to the members connecting at the joint 
in proportion to the stiffness of those members. 

At A distribute 10 to the only member connecting, AB. 

At B distribute 15 to the three connecting members, in the ratio 



CHECK OX MOMENT DISTRIBUTION 


91 


1.5 : 0.5 : 3. Then 1.5/5 15 goes to BA] 0.5/5 15 goes to the column; 
and 3/5 15 to girder BC, 

At C distribute b to CB and CD in the ratio 3 : 0, all of it going to CB. 

For the present let us take for granted the signs of the moments in the 
columns. The signs of girder moments are so written as to make the girder 
totals more nearly alike in sign and value on the two sides of each joint. 

Carry over the distributed values, one-half with opposite sign in each 
girder. We have not done so in the column because it would confuse 
the diagram. 

Now again distribute and carry over. 

Again distribute and get the totals to this point. Note that the 
process should be stopped after a distribution so that the statics of the 
solution will be correct. 

Two important points should be noted here: 

{a) There is no need to compute the moments at the tops of the col¬ 
umns each time in such a case because we can get them as the difference 
between the moments at the ends of the connecting girders. 

(b) The solution here given assumes that the girder does not move 
longitudinally. 

Check on Moment Distribution. The correct solution of any prob¬ 
lem in continuity must satisfy the requirements of statics and the con¬ 
ditions of geometry; moreover, a so¬ 
lution which does satisfy these re¬ 
quirements must be correct. 

It is easy to see whether statics is 
satisfied by a solution by applying 
= 0, but it is not evident whether 
continuity is satisfied. 

Continuity is satisfied in those cases where members of uniform sec¬ 
tion are involved and there is no movement of the joints if, in each 
member at a joint, 

I * 

Ma + is proportional to = y 



Fig. 12. Check on Moment Distri¬ 
bution — Moment Areas. 


* This relation may be deduced from area moments and in several other ways. 
By area moments, the rotation at A (Fig. 12) is the shear due to the moment curve as 


a load times 1/(^7) 


<i>a = 


{Ma + mb)L 
ZEI 








Since <(> is the same for all members meeting at A 

Ma + ^Mb is proportional to y 

For a more general check for cases where the members are not 
page 119. 


of unifonn sectidj^^ee 



92 


MOMENT DISTRIBUTION 


Where 

Ma. is the change from the fixed-end moment at the end of the 
member under consideration. 

Ali is the change from the fixed-end moment at the other end 
of the member. 

K is the relative I/L value of the member. 

Note carefully that the values of Ma and Mi here are changes from 
the fixed-end moments (both ends fixed) on the beams, not total mo¬ 
ments. The signs of Ma + Wi should be opposite on opposite sides 
of the joint. 

Fig. 13 shows the application of this cheek to the solution of the 
problem shown in Fig. 11. 


K^15 V 



^r/(=3 

1 \f 

t 



1 

\ 

II 

_ 




-10 

-20 

-35 

-15 

^fJxed-End 
-10 Moments 

0 

-28.6 

-30.2 

-10 

-10 final Moments 

+J0 

-8.6 


Column . y- 

-1.6 

0 ChanpeinM^ 

1 __ 

\ -^£5 

+0.4 


Check 

{-3.6 

+ ZJ 

-1.2 

Ma 


1.5 

3.0 

0.5 

K vatues 


check is indicated by the correspondence in 
proportion between the K values and the values 
of 


Fig. 13. Check on Moment Distribution Applied to Fig. 11. 

Signs for Moments. One of the most prolific sources of error in 
analyses is the signs. Some system for them which is as nearly as 
possible fool-proof is desirable. 

There are two possible conventions of signs for moments at the end 
of a member: 

(a) The first, which deals with the internal moments or bending mo¬ 
ments, calls a moment positive when it produces tension on a designated 
side of the member. In ordinary design of beams, a bending moment is 
taken as positive if it produces tension on the bottom of the beam. 
In columns there is no standard sign for bending moments; we have 
used below the same convention as for beams when the column is looked 
at from the right-hand side of the sheet. In the column analogy, bend- 



SIGNS FOR MOMENTS 


93 


ing moment is taken as positive when it produces tension on the inside 
of the elastic ring (bent, arch, culvert). 

(5) The second, which deals vnth the external moments or statical 
moments, calls a moment positive when it tends to rotate a member or a 
joint in a certain direction.* Evidently we must specify which joint 
we are talking about; at the end we are presumably referrmg to the 
joint at that end, but at the center of a beam the moment under this 
system of signs would be positive or negative according to which end 
of the beam is designated. 

Of these two conventions, the first is that of the designer — it in¬ 
dicates on which side of the member tensile reinforcement is needed. 
It is desirable to adhere to it where the results are to be used for design 
purposes^ Where the value of the moment and not its sign is what is 
wanted, however, as in wind-stress analyses where the sign of the 
moment depends on the direction of the wind, or where the values of the 
moments are not to be used for design purposes, as in computing sec¬ 
ondary stresses, or where the analysis is relatively complicated, as in 
the determination of the exact distribution of moments in a Vierendeel 
girder, the second convention of signs will be found more convenient. 

In this text the following conventions of signs are used: 

(a) In the analysis of frames for design, the bending moment is 
positive when it tends to sag the beam; the same convention is used for 
bending moments in columns if the column is looked at as design draw¬ 
ings are ordinarily read. 

(6) In the column analogy bending moment is taken as positive when 
it produces tension on the inside of the elastic ring — arch, bent, culvert. 

(c) In analyses for wind stresses, in the computation of secondary 
stresses, and in general where the sign of the moment is not important, 
end moments are taken as positive if they tend to rotate the joint at 
that end in a clockwise direction. 

In most of the problems in the chapter the designer's convention of 
signs for bending moments has been used. To facilitate the use of this 
convention, the following rules are given here: 

(1) For girder moments use the same convention of signs as is used 

in design — positive moment sags the beam and negative 
moment humps the beam. 

(2) Use this same convention of signs for the moments in columns, turn- 

* Usually in using the method of slope-deflection the end moment is taken as posi¬ 
tive when it tends to produce clockwise rotation of the joint at that end; but many 
also use the convention which states that the end moment is positive when it tends 
to produce clockwise rotation of the member. Apparently everyone agrees that the 
positive sign shall be taken with clockwise — not anticlockwise — rotation. 
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ing the sheet of paper to look at the columns from the right- 
hand side of the sheet, as notes on a column are ordinarily read. 

(3) Write moments to the left of column at the top of the column and 

to the right of the column at the bottom of the column. 

(4) A joint is balanced when the sum of the moments on the two sides 

of the joint — on the right and on the left side as the piece of 
paper is ordinarily held — are alike both in value and in sign. 

All four of these rules should be clearly understood and strictly 
followed. It is worth while to stop here and examine their basis. 

It is desirable to preserve the convention of signs ordinarily used in 
the design of the girders, these being the members chiefly affected by 

-20 -20 ^30 +30 

Fig. 14. Moment Distribution — Signs of Bending Moments in Girders. 


moments. Evidently, if this convention is used, the moments at the 
ends of the girders balance when they are alike both in value and in 
sign, as shown in Fig. 14. 

Rules (1) and (4) having been thus fixed for the girder moments, it is 
convenient to preserve them for the column moments. If we use this 
same convention of signs in the columns when they are looked at as they 


Fig. 15. 
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Moment Distribution — Designer's Convention for Signs of Bending 
Moments. 


are ordinarily read, we see that a positive end moment at the top of 
the column tends to rotate the joint in the same direction as does a 
positive end moment in the girder on the left of the joint, and that a 
positive end moment at the bottom of a column tends to rotate the joint 
in the same direction as does a positive end moment in the girder on 
the right of the joint. See Fig. 15. 
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It follows from the figure that, in order to apply rule (4) to joints 
where there are columns, the moments in the columns should be written 
to the left of the joint at the top of the column and to the right of the 
joint at the bottom of the column. 

Usually the signs of the bending moments in the columns need no 
consideration during the procedure of moment distribution because 
these moments are actually got by subtracting the girder moments at 
the end of the distribution. The direction of flexure of the column is 
then easily visualized. 

Correct Signs for Distributed Moments. If the above convention of 
signs is used, there is only one way in which the signs of the distributed 
moments can possibly be written so as to balance the joint, that is, so 
that the sum of the moments on the two sides of the joint will be the 
same in both value and sign. All distributed moments on one side of 
the joint will be positive; all those on the other side negative. 

These signs are so chosen as to make the totals on the two sides of the 
joint equal by decreasing the larger total of fixed-end moments where the 
totals are of like sign or by tending to reverse the signs of both totals 
when these signs are opposite. But we need no instructions about it, 
since there is only one way to write these signs and have the totals equal. 

As illustrations, consider the joints shown in Fig. 16. Fixed-end 
moments have been assumed, and for convenience equal stiffnesses are 
assumed in all connecting members. The fixed-end moments are 
written next to the member in each case, then the distributed moment, 
then the total. The moments in the columns have been written parallel 
to the columns, those in the girders parallel to the girders. 

In (a) the unbalanced fixed-end moment is 30, and this is distributed 
15 to each side of the joint with signs opposite to the original moments. 
In (b) the unbalanced moment is +10 on the left of the joint, and is 
distributed as —5 to each member. In (e) the unbalanced moment is 
90 and distributes +30 to the left and —30 to each of the two members 
whose moments are written on the right side of the joint. In (1) the 
unbalanced moment is 30 and distributes four ways: —7.5 to each of 
the two members whose moments are written on the left (thus reversing 
the originally unlike signs) and +7.5 to the two on the right side of 
the joint. 

Observe that the total of the moments on two sides of the joint — 
right and left, looking from the bottom of the page — are alike in all 
cases both in value and in sign. 

Arrangement of Computations in the Analysis of Frames. It seems 
important that the computations be put directly on a diagram of the 
structure. Column moments should be written parallel to the columns 
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and girder momerits parallel to the girders; this avoids any confusion 
in them. Ordinarily the girder moments will be written below the 
girders, but where the girders rest on columns it is convenient to write 





Fig. 16. Moment Distribution — Designer’s Convention for Signs of Bending 

Moments. 


the moments at the right ends of the girders above them to get them 
out of the way of the column moments, as illustrated in Fig, 16 and 
elsewhere. 

Summary of Principles. It is well at this point to summarize all 
principles essential to the method of moment distribution. 
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(1) Write all computations on a diagram of the structure. 

(2) Use the convention of signs recommended. 

(a) Use the usual convention of signs for bending moments (posi¬ 
tive moment sags the beam, negative moment humps the 
beam) in both girders and columns, the girders being looked 
at from the bottom of the sheet, the columns from the right- 
hand side, as a drawing is usually read. 

(5) Write column moments parallel to the column and on the left 
of the joint at the top of the column, on the right of the 
joint at the bottom of the column. 

(3) Find fixed-end moments, in aU loaded members, by the column 
analogy unless formulas or tabulated values are available. Similarly 
find the stiffness and carry-over factor at each end of each beam; if 
the beams are symmetrical these will be alike at the two ends. 

(4) At each joint distribute the unbalanced moment to all connecting 
beams in proportion to their stiffness. Carry over in each beam this 
distributed moment, times the carry-over factor, to the other end with 
proper sign. (This means with reversed sign in the case of straight 
members; for curved members the carry-over may be positive.) 

(5) Repeat the procedure until the desired precision is attained, 
stopping after a distribution. Add all values — original fixed-end 
moments, distributed moments, moments carried over — at each end 
of each member for totals. 

(6) Complete the solution, if further data such as shears or reaction 
are needed, by statics, 

(7) The analysis assumes no relative movement of the joints of the 
structure. 

(8) The solution may be checked. See pages 91 and 119. 

Thus stated, the method has no limitations except that the joints do 
not move. It is always possible and usually easy to correct for such 
movement, where it occurs, by the indirect method of moment distri¬ 
bution to be explained later. 

With this single limitation the method as stated above is applicable 
to any combination of beams, either straight or curved, and to any 
combination of loads. By modifying the method slightly, as explained 
in the next chapter, some time can be saved. But no modification is 
necessary. There are no exceptions and no special cases. The column 
analogy is an auxiliary tool for finding the fixed-end moments, the 
stiffnesses and the carry-over factors. 

Although no modification is necessary, one simple modification — 
that of treating a member free at its ends as such, rather than as a mem¬ 
ber fixed at its ends — is so obvious and convenient that it is given here. 
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Treating Free-end Members as Such, It is inconvenient to continue 
to carry over moments to the free end of a member and then release 
them and carry them back again. It is better to treat the member as 
free-ended in the first place. If we do so, we must change its fixed- 
end moments and its stiffness (it will have no carry-over factor) from 
those which it would have if fixed-ended. This is readily done by 
moment distribution. 

Modifying the Fixed-end Moment for Members Free at One End. 
Suppose, in a prismatic beam, the fixed-end moments are as shown in 
Fig. 17 and it is desired to modify them by freeing one end. We simply 
release the free end and carry over half the distributed moment. 


FiKed-end Momenh when 

Both Ends are F/xed 
Moment Released and Carried Oyer 
End MomenH. when 

One End is Free 

Fig. 17. Modified Fixed-end Moment — One End Hinged. 

If the beam is not prismatic, we can do the same thing after we have 
foimd the fixed-end moments and the carry-over factor at the end to be 
freed. Suppose these values are for fixed-end moments: —60.3 and 
— 100.2, and for carry-over factor: 0.524. The final moment at the 
fixed end is —131.8 as shown in Fig. 18. 


Fixed-er>d Moments when 
Bofh Ends are Fixed 
Moment Released and Carried Over 
End Moments when 

One End is Free 

Fig. 18. Modified Fixed-end Moment — One End Hinged. 

Modifying the Stiffness for Members Free at One End. Suppose 
that the moment at A, Fig. 19, produced by unit rotation at A, or the 
stiffness at il, is found to be Sa when both ends are fixed, and that the 
carry-over factors are found to be at A and rj at B. Then we have 
Ma at A and — r^ikTa at B (where Va is the ratio of the moment at B to the 
moment at A when B is fixed).^ Releasing this and carrying it over 
gives at a moment Mail — ran), which is the stiffness at A when B 
is free to rotate. 
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If the beam is prismatic, and the stiffness for free-end 

condition is (1 — | f) = f that for fixed-end condition. The stiffness, 
then, is measured by f //L. 





Mg, 



" -'>hTbMa, 


End Momenis when B Is F/Ked 

and End A Is Rotated One Unit 

Moment Released and Carried Oirer 


0 End Moments when One End is Free 

Fig. 19. Modified Stiffness — One End Hinged. 


As an illustration of the convenience of using this modified stiffness 
value, the example of Fig. 8 is reworked in Fig. 20 and the check in¬ 
dicated at the end of the solution. 



Fig. 20. Moment Distribution — End Supports Treated as Free. 
(Same Problem as Fig. 8.) 


Illustrative Problem — Fig. 21. A more general problem is shown in 
Fig. 21. The left end A is fixed. One-half of the moment due to the 
rotation of joint jB, of opposite sign, is carried to it each time the ad¬ 
jacent joint is allowed to rotate. This total increment of moment may 
be conveniently computed at the end of the solution in one operation. 
The difference between the final moment at B, —6.7, and the original 
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Fig. 21. Moment Distribution; 
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fixed-end moment —16.3 is +9.6. One-half of this value of opposite 
sign or —4.8 is then added to the moment at end A. 

The right end is an overhanging beam. The moment at E is that 
computed for the cantilever. Since the stiffness of a cantilever is zero, 


CONTINUOUS GIRDER WITH COLUMNS 



the unbalanced moment at E, —26.3, all goes to span ED, and +13.1 
is carried over to joint D. Joint E is balanced and acts as a free hinge, 
the IIL value in span DE being reduced accordingly. The distribution 
is then carried out as before, balancing in turn each of the three inter- 
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mediate supports. It is evidently unnecessary to carry down the 
figures on the outside of joints B and D. 

The moment diagram is easily constructed, as shown in the figure, 
by combining the simple-beam moment curve with that due to con¬ 
tinuity. The cheek is shown at the end of the solution. 

niustrative Problem—Fig. 22. In Fig. 22 a simple girder frame 
is analyzed. The girder moments have been carried down on each side 
of the column and the moments at the tops of the columns obtained 
by subtraction. The moments at the bases are one-half the moments 
at the tops of the columns, and of opposite sign. 

It is unnecessary to carry down the moments for the outside girders. 
With the moments in the center girder known, the others follow di- 
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Fig. 23. Abbreviated Moment Distribution. (Same Problem as Fig. 8.) 
(o) End Span not Adjusted. (6) End Span Adjusted. 


rectly as shown in the alternate solution. Conditions of statics give 
the change in moment in column and flanking girder together (the sign 
is automatically determined by the condition that the sum of all mo¬ 
ments is the same on both sides of the support and of the same sign). 
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This total difference is then distributed between column and side span 
in proportion to their relative stiffness values. 




Fig. 24. Abbreviated Moment Distribution. 

(a) Problem of Fig. 21. (6) Problem of Fig. 11. (c) Problem of Fig. 22. 


Abbreviated Computations in Moment Distribution. To one who is 
familiar with the process of moment distribution it soon becomes evi¬ 
dent that it is not necessary to write the distributed moments each time. 
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We may TOite only the moment carried over, and at the end of the pro¬ 
cedure we may find the totals of the original fixed-end moments and 
the moments carried over, and distribute the unbalanced total. The 
physical significance of the procedure is somewhat obscured, but time 
is saved in the computation. 
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Fig. 25. Moment Distribution at Separate Joints. 


Figs. 23 and 24 show problems explained in the text above, reworked 
by this abbreviated method. Note the saving of work by adjusting 
the end spans in Fig. 23. Note also that Fig. 24 (6) can be solved 
directly after balancing the end supports. 

Distribution of Unbalanced Moment at Separate Joints. Where a 
structure is to be studied for several conditions of loading, it may be 
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convenient first to distribute single unbalanced moments at the joints 
of the structure and then find, for the different conditions of loading, 
the fixed-end moments and combine their effects. 

This procedure is further shortened if the distribution is first made 
for a joint near the center of the structure. Unbalanced moments at 
other joints may then be distributed on the assumption that this joint 
is locked, and the fixed-end moment finally found at this joint may be 
distributed from the values already computed. Thus we may suc¬ 
cessively lock the joints already analyzed as joints further from the 
center are studied; the computations are much shortened thereby. 

Fig. 25 shows the application of this method to a rigid frame restrained 
against sidesway. To illustrate possible variations in technique ex¬ 
plained on previous pages we have used the convention of signs for 
static moments at the ends of the members (positive moment tends to 
rotate the joint clockwise) and we have also used the abbreviated 
method of computation in which the moments are carried over and the 
unbalanced moment distributed once for all at the end. 

We first distribute an unbalanced moment of +100 at joint C. 

Next, hold C rigid and distribute an unbalanced moment of +100 
at joint jB. This produces an unbalanced moment at C which is then 
distributed by proportion using the values already found. 

Similarly C is held while an unbalanced moment +100 is distributed 
at Z>. The resulting unbalanced moment at C is then distributed. 

Finally hold D while an unbalanced moment is distributed at E, 
Then distribute the unbalanced moment at E. 

Evidently these values may now be used for various combinations of 
unbalanced fixed-end moments at the joints due to loads, to settlement 
of support, to change of temperature or any other influence tending to 
distort the frame. 


B. Indirect Method 

In certain cases it is much easier to find a set of moments consistent 
with statics and with continuity, and from these the forces which pro¬ 
duce them, than it is to start with the forces and then find the moments. 
A common example is that of a rectangular bent loaded at its top, 
Fig. 26 (a). 

In this case we cannot start with the load, find fixed-end moments in 
the columns, distribute them and thus find the moments, because, during 
the process of distribution, joints A and B would move horizontally. 
But we can pull A and B over a certain amount and hold them there, 
find the fixed-end moments in the columns, distribute them and finally 
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find what force is necessary to hold the bent in this position — that is, 
to satisfy statics. 

Better still, we can assume some consistent set of moments in the 
columns in the first place, without bothering about how much hori¬ 
zontal deflection they represent, and, after distributing these, find the 
horizontal force needed to preserve equilibrium. Having now a set of 
moments corresponding to one value of the horizontal force, we can 
find the moments for any other value by proportion. 

The values assumed for the fixed-end moments produced by the hori¬ 
zontal deflection must be consistent. In this case they must be such 
as give the same deflection at the tops of both columns. The moment 



Fig. 26. Bent Subject to Sidesway. 


curves for this lateral displacement in the two columns when both ends 
are fixed are similar in shape. Then, 

since A a ^ we have ikf oc ^ oc for equal deflections 

I K 

and for the shear, we have H ■ oc — oc ~ for equal deflections. 


Fixed-end Moments by Moment Distribution. Assume the beam of 
Fig. 27 pulled down at A without rotation at A, Assume moments of 
±100^' in the 20-ft. span. The moments in the 10-ft. span will then 
be (20/10)2100 = ±400^/ 

Distribute the moments and compute the reaction. Then find the 
fixed-end moments for the given load by proportion, as shown. The 
results, shown in the moment diagram at the bottom of the figure, are 
more easily computed by the method previously explained (page 61), 
but are included here for illustration. 

The method may be further illustrated by finding the fixed-end mo¬ 
ments in a beam made up of two parts having different I values due to 
a load of 60^ at the junction — a stepped column in a mill building 
loaded transversely at the step. 



MOVEMENT OF JOINTS — SIDESWAY 


107 


Assume that point B, Fig. 28, is pulled down vvithout rotation at B 
by some force which produces moments of 100 in AB. Then the mo¬ 
ments in BC must be to 
those in A 5 in the ratio 
1IL\ 

Distribute the moment 
and find the shears in the 
two beams and from these 
the force w^hich must be 
acting at B. Then by pro¬ 
portion find the true end 
moments for 60^. The com¬ 
putations are shown in the 
figure. 

This is merely an illustra- - 44 . 
tion of method. The prob- 

lem is probably more read- Distribution- Indirect 

ily solved by the column Method. 

analogy. 

Movement of Joints — Sidesway. In many problems in the analy*^ 
sis of rigid frames (girders continuous with each other and with their 


Assumec/ FiKed-End Moments 
Relative 

Distribute and Carry Over 
Total 

Shears 

Force 

Fixed-End Moments 

for Load of SO^ 


Fig. 28. Moment Distribution — Indirect Method. 

supporting columns) a solution assuming no movement of the joints 
does not satisfy statics because the shear in all columns of any one story 
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is not equal to the known shear in that story. This indicates sidesway 
sometimes referred to in the text as sidelurch of the frame sufficient 
to make = 0. 

For transverse loads sidesway is usually indicated. 

Where sidesway is indicated, the following questions at once arise j 
and evidently, from the viewpoint of the designer, they are unportant 
in the order given: 

(a) Can sidesway actually occur, or is it resisted by fixed bearings at 
abutments or by lateral bracing? 

(b) Will it occur for those conditions of loading which are important 
in the design of the structure? 

(c) How important is it in design as indicated by approximate analy¬ 
sis? Does it justify exact analysis? 

(d) Exactly what moments does it produce? 

If sidesway cannot occur, or if it vnll not occur for those loadings which 
are critical in the design, that ends the investigation. If approximate 
analyses show sidesway to be so unimportant as not to justify exact 
analysis, we go no further. In some cases exact analysis is justified. 

Approximate analyses for sidesway may be made by treating the 
unbalanced shears as shears due to wind loads are treated. (See 
Chapter VII.) It is not intended to discuss fully these methods here, 
but the following facts may be noted: 

(1) The total shear in any story is distributed in some way among the 
columns of that story, 

(2) If there is no rotation at either end of any column, the shear is 
distributed to the columns in proportion to the values 1/ U. 

(3) A rough approximation to the moments may be had by assuming 
that the shear is distributed as just indicated and that the points of 
inflection in both girders and columns are at the midpoint. 

In general the effect of sidesway produced by vertical loads is to re¬ 
duce in the columns the larger moments indicated; the moments in 
the girders are usually little affected by sidesway. Usually, in addition 
to the moments produced in the columns by vertical loads, there are. 
also moments due to wind, traction or other transverse forces, and 
sometimes to changes of temperature. All these are subject to consid¬ 
erable uncertainty; it is not usual at present to attempt an exact analy¬ 
sis for wind stresses, though such analyses are hkely to become more 
common. 

These considerations indicate that analysis for sidesway due to grav¬ 
ity loads should come at the end of the design. Effects produced by it 
are, then, to be thought of as corrections in the final design. It will 
usually be found that exact analyses are not justified. 
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The elementary procedure is given below. Analyses for wind stresses 
are discussed at some length in Chapter VII, Rigid Frames. 

Problems Involving Sidesway. In Fig. 29 the column moments are 
first found assuming the girder rigid, equal shears in the two columns, 
and points of contraflexure at mid height. For convenience the frame 
has been unfolded into a continuous beam. 



Fig. 29. Moment Distribution — Sidesway. 


The column moments resulting from moment distribution are found 
to be consistent with a total horizontal force of 2 X 3.5 = 7.0^. The 
true moments follow by proportion, as shown. 

A similar problem with load midway up the side of the bent is solved 
in Fig. 30. The fixed-end moments are designated F.E.M. The 
details of moment distribution are not shown. The results of moment 
distribution are marked M.D. in the figure. 

We first find the fixed-end moments on the loaded column and dis¬ 
tribute these assuming no sidesway. The resulting moments are found 
to be consistent with a shear at the top of the bent of 2.42^. Then 
assume the girder rigid and fixed-end moments in the columns of 100 
kip-ft. From the. moments resulting from distributing these fixed-end 
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moments we find a total shear of 12.53^. The true moments due to 
sway follow by proportion and are added to the original set of moments 
as shown. 



Note that the procedure of computing shears is the same as in a beam. 
The arrangement of computations shown, though needlessly formal 
in this case, is recommended for clearness, though it has not been used 
in the other problems here. 

An unsymmetrical bent is solved in Fig. 31. 
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The solution of an unsymmetrical three-column frame subject to 
sidesway is given in Fig. 32. First considering the structure laterally 
restrained, the moments indicate a total unbalanced shear to the left 


UNSYMMETRICAL BENT As a Con+inuous Girder Correc+ed for Sidelurch 




Assuming the girder rigid the column shears 
wi/I be proportional to the values of 

that is, to ^ and-g 

= S.2SK/0^+fZ9 
4JlU5^-70£ 


70.6 ^ 





m at Top 

4/6.2 at Top 

rS.l at Base 

m> at Base 






Since these moments correspond to a total shear 
of 8.78, the moments for a shear of 10.0 will 
values-.- 
,lc' 


8.78 




-57.0'' 
Mg = + 54.0 
-51.8 
+ 71.3 


Mr = 

i- 


Fig. 31. Moment Distribution — Sidesway. 


of 0.7^. Applying at the top a unit force of 1.0^ to the left a set of mo¬ 
ments is produced consistent with a total .unbalanced shear of 0.89^ 
and the true moments due to sway follow by proportion. The final 
moments are the algebraic sum of the original moments and those due 
to sway. 

Another illustration is shown in Fig. 33. In this case if point B 
moves a certain distance Ai normal to member AB, then point C moves 
0.74 Ai normal to CD, and point C moves relative to point B a distance 
0.62 Ai normal to DC. (See pages 45-46, Chapter III.) 
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We can now write a consistent set of fixed-end moments proportional 
in each member to the product of the relative displacement of the ends 
times 7/L- for the member. 



After these moments are distributed the value of the force at C may 
be found by statics. The moments for the given force at C may then 
be found by proportion. 

This example is more important as an illustration of method than as a 
practical problem. It may also be solved by the column analogy. The 
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method explained here, however, can be extended to the types of struc¬ 
tures shown in Fig. 34 and udil sometimes be found very useful. It 



PROCEDURE- 

1 Defermine re/af/ve d/sp/acemenfs in members. 

2 Assume fixed-end moments of -100 in AB and determine other fixed-end 

moments proportional to A 

3 Pistrihute moments. 

4 locate points of inflection from these moments and draw pressure line. 

5 determine shear in one member and drdw force polypon to find horiz¬ 

ontal force. 

6 Multiply all moments by the ratio of horizontal force found to given horiz¬ 

ontal force. 

Fig. 33. Moment Distribution — Sidesway. 

should be understood that the method of moment distribution gives a 
picture of the action of the structure under load, which is not true of 
the column analogy. 
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Typical Structures. The sketches in Fig. 34 show typical structures 
which may be analyzed directly by moment distribution where there is 
no sidesway either because the structure is rigidly fixed at one end or 




Cof?finoiJS G/rder of Uniform Section if? Each Spam 




Miscellaneous Structures 
Subject to Vertical or 
Horizontal Loading’- 
with Members of 
Uniform or of Non-- 
Uniform Section 



Building 
Frames 
See Chap. HE 


Fig. 34. Types of Problems Solved by Moment Distribution. 


because the loading produces no sidesway, or indirectly by correcting 
for sidesway. 

Thus far we have not discussed the determination of fixed-end mo¬ 
ments, of stiffness and of carry-over factor in members of varying section 
or in curved members. These matters are taken up in later chapters. 
After these are determined, however, the procedure is exactly the same 
as explained above. 
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In all these cases there is either no freedom of linear movement of the 
joints or only one degree of freedom. Where the joints can move 
linearly in more than one way, the general method is still applicable as 
explained in Chapter VII. 

The case of frames containing curved members is discussed in 
Chapter IX. 


C. Some Applications 

Settlement of Supports. The method of moment distribution offers 
a simple solution of the analytical problem of the forces produced by 
settlement of supports or other forced displacement of a structure. 
The difficulty in these cases arises from the physical uncertainties of 
the problem; usually we can only guess at the amount of settlement 
unless it has actually occurred, and there are very serious uncertainties 
as to the factor El for reinforced concrete. 

Suppose that a land slip has produced displacements and rotations 
of the column footings as shown exaggerated in Fig. 35. 

If we imagine the slip to have occurred without rotation of any other 
joints, and if we know the El properties of each member, we can com- 



Fig. 35. Settlements and Rotations of Supports. 


pute the fixed-end moments in all members by the column analogy. 
For members of uniform section subjected to transverse displacement 
only 

M'= ziz6EK^ 

where 

A is the relative transverse displacement of the ends of the member. 
Distribute these moments and so find the true end moments in the 
members. Other quantities desired may then be found by statics. 

The difficulty of determining stresses produced by settlement of 
concrete frames does not lie in the analysis for continuity but is inherent 
in the uncertainty as to the 1/{EI) value for concrete beams. (See 
discussion on pages 43-45, Chapter III.) Perhaps the best method 
is to estimate the stresses as well as can be done in each beam assuming 
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no joint rotations. Then assume a consistent set of fixed-end moments 
for the given, or assumed, settlements, distribute moments and revise 
the estimated stresses by proportion. 

For homogeneous beams of uniform section fixed at ends 




For reinforced concrete these stresses may be high. 
Assume 

E = 3,000,000 lb. per sq. in. 

Also assume 

c 1 d _ 1 
L" 2 L~ 24. 


which is a normal value. Then for a settlement of 1/4 in. in a 20-ft. 
span, 

/ = 780 lb. per sq. in., approx. 

If the settlement occurs slowly, E is reduced to perhaps one-third its 
original value. Moreover/is reduced by rotation of the joints and the 



estimated for fired er?ds estimated for fixed erds 

Fig. 36. Settlement of Support. 

revised value for / may be 200 lb, per sq. in. to 400 lb, per sq. in. But 
there is a great deal of uncertainty about all this, which will not be 
eliminated by fussy computation. 

The procedure to allow for continuity is indicated in Fig. 36. A 
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fixed-end moment of 100 has been assumed in the middle girder and the 
corresponding moment computed in the end girder from 


M oc 


AK 

L 


These moments are then distributed to give percentage values. 

Including Torsional Resistance in Frame Analyses. It is a simple 
matter to include the effect of torsion of connecting members in frame 
analyses provided we know the torsional properties of the members. 

Evidently the carry-over factor for torsion is unity, by statics. 

It is well to understand that a panel of slab and beam construction is 
quite as complicated a structure as is a flat slab, if, indeed, it is not more 
complicated. The convention of dividing it into slabs, beams and 
girders is necessary for convenience, but it is rather naive. 





D. End-rotation Constant 

Where, by inspection or in some other way, we know the ratio of the 
changes in moment at the ends of the beams from those existing when 
these ends are fixed, unbalanced 
moments may be distributed di¬ 
rectly to the connecting beams. 

These unbalanced moments are 
then distributed, not in proportion 
to the stiffness, but in proportion 
to the product of stiffness and a 
factor, which we have written as 
1/(7, varying with the ratio of 
changes in end moment. 

A general expression for 1/C may 
be derived as follows; 

Suppose that a unit rotation is 
produced at end A, Fig. 37, of a 

beam, while end B is held fixed. The moment at A, then, has some 
value Ma and that at B equals Ma times the carry-over factor at A, 
or TaMa* 

Now hold A against further rotation and apply at JS a moment Mb' 
producing rotation at B and also inducing a moment nMb' at A. 

Call the total moments due to these rotations Ma and Mb- 




ToM Moments 


Mp. 


Fig. 37. End Moments Due to 
Rotation. 


* Note that the quantities Ta and n are used as algebraic quantities. They are 
positive if we use the convention of signs for statical moments and negative if we 
use the convention for bending moments. 
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Then 


Mb' = Mb - l\Ma' 

Ma = Ma' + nMb’ = Ma' + OMj - TanMa' 

= Ma' + n^ Ma - ranMa' 





Ma 

Ma' 


_ 1 _ 
1 - 


ran 


Mb 

Ma 


Ma' (1 - raVb) 


But Ma is the moment at A corresponding to unit rotation at A for this 
case, and Ma is the moment at A corresponding to unit rotation at A 
when B is iSxed, which is the value defined as stiffness at A, 

Hence the stiffness, Sa = Ma!, is to be multiplied by 


1 

C 


1 — Van 



From this general expression, which itself seems somewhat awkward, 
very simple and convenient expressions follow in special cases as shown 
in Fig. 38. 

Moment Distribution Using Constant for End Rotation. Where an 
investigator is analyzing continuous frames frequently, this device is 
extremely useful. For the ordinary man in practice, it probably in¬ 
volves more trouble than does the elementary procedure. Everyone 
must decide this for himself, but it is important to recognize that it is 
not necessary to burden your memory with all the short cuts in analysis, 
and that there are many devices convenient for special computers 
which become excess baggage for the designer. 

We have already used this method in dealing with beams of constant 
section simply supported. In this case the stiffness of the beam was 
multiplied by 3/4 before distributing moments, and no moments were 
carried over in that beam. In the general case, the stiffness would be 
multiplied by 1 — vj. Attention is called in the figure to the fact 
that in this case it is assumed that the fixed-end moment in the beam is 
determined on the assumption that the far end is simply supported. 

If the structure is symmetrical both as to dimensions and loading with 
respect to any beam, we know that the moments at the ends due to 
rotation are the same. Hence Mb = Ma and 1/C is determined. 

If it is known by inspection that the two ends of the beam turn the 
same amount but in opposite directions — that the rotation is anti- 
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symmetrical with respect to the beam — then = —Mfl, and this 
determines 1/C. 

Check on Moment Distribution. The expression given above for 
the value of 1/C leads to an important check on results secured by 
moment distribution. It is easy to see, for a solution of any problem, 


VALUES OF END-ROTATION CONSTANT 

y _ y-^a ^ end of the deom 

^ C c/r?(^er CG/JS/cferaf/on a/7£f B 

^ end 

Descnpf/on of Beam 

Unsymmetr/calty 

rtaunched 

Symmetrically 

Haunched 

ra^n^r 

Uniform Section 
Ta,^ri, = -y/2 

Beam Fixed a f Far Fad 

Mb= raMa 

A B 


1 


Beam S/mp/y Supporfed 
afFarEnd"^ 

-^=y-ra Ti 

1 

II 

J 3 

4 

Equal Moments Due to 
Rotation 

Mi=yvia ^nrmn^ 
[Symmetricaf Cas^ ^ E 

/ ^ Fra n 

c y-n 


I .^1 

C 2 

Equal and Opposite Moments 
at Two Ends Due to Rotation 

{AntEsymmetrical Cose) E 

y _ y-ra r* 

C y+ri, 


II 

Beam Continuous wit/j Other 
Beams at B. Rotation at B 

Due Entirety to Rotation at A 

B 

varies from 

y-Tan fol 

varies from 

i-r to 1 

varies from 

^tol 

* it is assumed here that the fixed-end moment at A for this beam is 
determined for a simple support at the far end. 


Fig. 38. End-Rotation Constant 1/C. 


whether or not the total moment at any joint is zero so that the condition 
of statics is satisfied. It is not obvious, however, whether the solution 
satisfies the conditions of continuity. 










120 


MOMENT DISTRIBUTION 


According to the theory presented above, the unbalanced fixed-end 
moment should be distributed in proportion to 



1 — nn 


1 


Mi 


where 

Ma is the change of moment at the end under consideration. 
Mb is the change of moment at the other end. 


Hence at any joint 
Ma is proportional to S 



ran 


Mb' 


Ma 




- ra = {Ma - nMi) 


is proportional to 5(1 — raTb). 


This gives a convenient direct check on the results. Note carefully, 
however, that Ma. and Mi here are changes from the fixed-end moment, 
not total moments. In Fig. 39, a simple numerical example is solved 
using the assumed stiffness and carry-over values indicated, and the 
check shown at the end of the solution. 

If the beams are prismatic the above leads to the criterion 

{Ma + 1/2 Mi) is proportional to K, as previously explained. 

Examples Using the Factor l/C. Assume the fixed-end moments in 
Fig. 40 to be -200 and —300 and the I/L or K values to be 1 and 3 
as shown. The value of l/C for BB' is 1/2 by symmetry, and the value 
of l/C for BA and B'A' is 3/4 by the physical conditions. The un¬ 
balanced moment at B will then be distributed between AB and BB' 
in proportion to their K/C values or as 1 is to 2. 

As a second example assume the K values in five symmetrical spans 
to be as shown in Fig. 41 and the fixed-end moment in the center span 
to he —300. 

Here l/C for BB' = 1/2 by symmetry and K/C = Z. 
l/C for BA = say 7/8 and K/C = 1.75. 

Moment at 5 = (1.75/4.75) (—300) = —110. 


If spans CA and C'A' are loaded to give the same fixed-end moments 
as BB', then l/C for BA will be very nearly 1/2; and Ms = 1/4 
(-300) = -75. 

Simple Frames, Symmetrical or Otherwise, Held Against Sway. It is 
evident that single rectangular or trapezoidal frames, portals, L-frames, 
box culverts and similar structures act as simple continuous beams if 
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Fig. 39. Check on Moment Distribution. 
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Fig. 40. Moment Distribution — Use of Factor 1/C. 
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Fig. 41. Moment Distribution — Use of Factor 1/C. 
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there is no sidesway. If they are sj-mmetrical as to form and loading, 
thej' not deflect sideways; and if they are restrained against side- 
wise movement, they cannot so deflect. 

In manj’ of these cases, the value of 1 /C is easily determined by in¬ 
spection. For the loaded span, 1 /C = 1/2 in symmetrical cases. 

For the ordinary bent shown in Fig. 42, S 5 nnmetrieal as to form and 



Fig. 42. Moment Distribution — Fig. 43. Moment Distribution— 

Use of Factor 1/C. Use of Factor 1/C. 

loading: for the girder 1 /C = 1 / 2 ; for the column 1 /C = 3/4 if pinned 
at the bottom and 1 /C = 1 if fixed at the bottom. Thus if the columns 
are fixed-ended, the moment in the column at the top 

=_ _ _ _ = I or 37 J% of fixed-end moment in girder. 

3 -h (10 X 2 ) 

If the columns are pin-ended, the moment at the top of the column is 

_ ^ ^ 1 - = 31 % of the fixed-end moment in the girder. 

(3 X f) + (i X 10) ^ 

For the culvert shown in Fig. 43 the value 1/C = 1/2 for all members. 
The moment in the sides is 40% of the fixed-end moment in top. If 



Fig. 44. Moment Distribution — Use of Factor 1/C. 


the load is assumed to be concentrated on the top and uniform over the 
bottom, the value of C for the sides may be approximated closely. 
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In the double-box culvert of Fig. 44 at A 

1/C for AB = 1 and for AC = 1/2 


= (2k% + 3 ‘ * ^ 

Mh = wD- + (I relieving moment in girder at A) 




K^\ 






df 
I© ©I 


1 

I 2-2 


D ^ba. 


/X— = “ 

/- * ^A. ^ 


Mi,=-^k30=-IO^' 
Ma .= ^' 







m'=-^Y.ly.Z4=-48 





For combined loadings apply each separately or use column analogy 
Fig. 45. Moment Distribution — Use of Factor 1/C. 


Figs. 45 and 46 show a number of examples solved by the same 
method. 
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Abbreviated Exact Method. In those cases where the KjC values 
are known for all members except one in a frame, the convergent series 
represented by moment distribution can be summed very qmckly. 



20 \ ® 

\l_B 

0 -50 -50 

@ © 

C C' 



Fig. 46. Moment Distribution — Use of Factor 1 /C. 



If we follow through the abbreviated method explained on pages 103-104 
it will be seen that in the member in which K/C is unknown — the only- 
member in which any moments are carried over — we are, after the 
first two distributions, writing a geometrical series. The sum of this 
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series is 1/(1 — ah) times the sum of the first two terms, where a and 
h are the ratios, at the two ends of the member, of the unbalanced end 
moments distributed and carried over in the member. 

In these cases, then, we may proceed as follows: 

(1) Carry over the distributed parts of the unbalanced moment twice. 

(2) Multiply the sum of the values carried over by 1/(1 — ah) to 

get the total moments carried over. 

(3) Distribute at the joints. 

The method is a special device, but it is often very useful in routine 
computations. Note, how^ever, its restriction to those cases where K/C 
is known for all members but one in the frame. 
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Fig. 47. Moment Distribution — Abbreviated Exact Method. 
(Same Problem as Figs. 22 and 24c.) 


Fig. 47 shows the application of the method to the problem already 
solved in Figs. 22 and 24. Note that the saving in work here is negli¬ 
gible, but the result is a little more precise. 



CHAPTER V 
HAUNCHED BEAMS 

Object and Effect of Haunching. Frequently beams are deepened 
near their supports, sometimes with a view to economy, sometimes in 
order to improve their appearance, often merely to avoid the sharp 
reentrant angle which occurs at the junction of beam with column. 
Of course, haunching really occurs in all beams where they join their 
columns, the portion of the beam between the face of the column and the 
center line being very much deepened. 

The most obvious effect of haunching is to increase the negative mo¬ 
ments at supports and to decrease the positive moments at the center 
of the beam. This reduces the amount of material at the center of the 
span and thus decreases the moments due to dead load of the girder. 
Furthermore, the haunch increases the resistance of the beam to the 
high shears near the supports. 

There is, of course, some additional cost of forming the haunches, but, 
if they are standardized, this should not be serious. In certain types of 
structures, however, haunches are objectionable; in buildings, for 
example, they may interfere with partition framing or with pipe runs. 

Haunches affect the ihxed-end moments, the stiffness and the carry¬ 
over factors of the beams. Of these, the change in fixed-end moments 
is the most important. If all the beams are haunched in the same way, 
so that their proportions are the same, there will be no change in their 
relative stiffness; in any case we can show that the relative stiffness 
and the carry-over factors are less important elements than the fixed- 
end moments. 

Note very carefully that the important thing is the physical constant, 
rotation per unit moment over unit length (see page 27), commonly 

taken as The haunching indicated by the side elevation of a T- 

beam often has comparatively little effect on the variation of J. In 
important cases, fixed-end moment, stiffness and carry-over should be 
determined by the column analogy. 

Where members are haunched the procedure of moment distribution 
follows exactly the procedure explained in Chapter IV. We distribute 
unbalanced fixed-end moments at each joint in proportion to the stiff¬ 
ness of connecting members, carry over the distributed moments, again 
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distribute and carry over and repeat to any desired precision. The 
series T\ill not converge quite so rapidly as if the beams were of uni¬ 
form section because the carry-over factors will usually be slightly 
larger. 



Fig. 1. Haunched Beams — Approximate Analysis for F.E.M. 


Approximate Effect of Haunching, Fixed’-end Moments, We can 
estimate the effect of haunching on the fixed-end moments pretty well 
without much computation. By sketching the equivalent column sec¬ 
tion, we can see the points beyond which the flexure of the beam may 
be neglected and then, from computed fixed-end moments at these 
points, find the fixed-end moments at centers of supports. Approxi¬ 
mate values for the new stiffness and new carry-over factor may also 
be found. 

Thus, in Fig. 1 (a) is shown the moment curve for the fixed-end condi- 
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tion for a single concentrated load on a beam haunched at the ends. 
The length to be assumed for clear span ” is first estimated. Our 
estimate of this is more or less uncertain — in fact, it depends both on 
the shape of the beam and the position of the load. Probably the 
familiar rule that the clear span may be taken as the length between the 
points at which the depth is one-third greater than the depth at the 
center is as good as any. Sometimes it helps to draw the analogous 
column section (1/J curve). 

We then draw the curve of moments for the beam as if simply sup¬ 
ported for its full length, then lay off the fixed-end moments at the 

ends of the clear span ^ 27 and -P ^ J/) and draw the closing 

line. A graphical construction for finding fixed-end moments on the 
clear span is indicated, but is scarcely worth while. 

If the load is uniformly distributed, draw the parabola (see page 14) 
for the beam as simply supported on the full span, as shown in Pig. 1 (&). 
The base line of this parabola on the clear span shows a center ordinate 


Uniform Loading^ to Yfi. 



,_ 


-■— 


. - J 

Assumed dec 

^ - 
t 1 


Closing Line for Fixed-End 
Moments on Clear Span 

Base Line of Parabola 

C/ear Span 

Construction 

(/) Draw dosing line for fir.ed'-end 
moments on dear span. 

{2} Draw through point/, {the inter¬ 
section of this line with kern edge 
for B), the closing fine efg for 
fixed-end moments on the total 
span. 


full Span c-c Support L 


Eig. 2. Haunehed Beams •— Approximate Analysis — One End Free. 


of which may now be divided in the ratio 1 ; 2 to locate the 

closing line for the clear span. 

Great accuracy is not to be expected from this method, especially in 
extreme cases of very flat or very long haunches, but its value is so great 
in indicating the effects of haunching that the authors have felt justified 
in giving it some prominence. Where the haunch does not extend be¬ 
yond the quarter point of the span, the error in fixed-end moment will 
be within 10% and usually much less than this. 
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If the beam is uniformly loaded and simply supported at one end, both 
ends being haunched, we follow the same construction, except that we 
must carry over the fixed-end moment at the free end as shown in Fig. 2. 
This may be done by dravfing through the kern point for the free end, 



Fig. 3. Haunclied Beams — Approximate Analysis — One End Free. 



Z/i// 

Carry‘Oyer Facfor at A -—r 
aa' 

Carry-Over Facfor at B 


Lay off ^1/ on center fine of 
dear span. 

Draw through this point and 
kern points to Intersect 
ends of span. 


Fig. 4. Haunched Beams — Approximate Analysis for Stiffness and Carry-over. 


as shown in the fi.gure. This construction is somewhat simplified if 
there is no haunching at the free end as shown in Fig, 3. 

Stiffness and Carry-over Factor. The stiffness and carry-over factors 
may be got by the construction shown in Fig. 4. Lay off I/U on the 
center line of the clear span. Draw through this point and either kern 
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Fig. 6. Haunched Beams — Approximate Analysis — One End Free. 


point to intersect the ends of the span. The intercept on the end corre¬ 
sponding to that kern point is the stiffness at that end, and the ratio 
of the intercepts is the carry-over factor.* 

* This simple graphical construction is often used to find the stress distribution 
on sections eccentrically loaded. Fig. 5 shows the elements of the construction and 
the algebraic relations involved. In determining the stiffness of a beam (moment at 
one end corresponding to unit rotation of that end when the other end is fixed) we 
apply a unit load at one end of the analogous column section. Here 
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In Fig. 6 is shown a construction for finding the stiffness if one end 
of the beam is free. Here we have merely found moments at each end 
for unit rotation at one end, assuming the other end to be fixed and then 
carried over the moment at the far end. In all these cases it is about 
as easy to compute the values wanted. See Fig. 7. There is some 



Fig. 7, Haimched Beams — Approximate Analysis. 


pictorial value, however, in the graphical construction; it enables us 
to sketch quickly the relations involved. 

Fig. 8 suggests a graphical construction for a viaduct of three spans. 
By combining this with the semi-graphical construction for symmetrical 
frames suggested at the end of Chapter VI, it is possible in a short 
time to run out the curves of maxima in such a case with enough 
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accuracy to complete the design. Later a more exact analysis should 
be made. 



Exact Values by Column Analogy. All properties of beams of irregu¬ 
lar section may be found by the column analogy by dividing the column 
sections into lengths so short that their moments of inertia about their 
own centroids may be neglected. Since, in most cases, a large part of 
the beam is of uniform or nearly uniform section, time is saved by 
treating this part as one section. The curve of moments statically 
determined should then be so chosen that the resultant moment area 
on this portion is zero and may be neglected in the column analogy; 
this is the same as treating this portion as a beam fixed at ends. 
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Usually exact computations will be made for checking a design that 
has been made by a preliminary analysis in which an assumed free length 
of span has been used. It is then convenient to use the same diagram 
as in the original analysis, adding positive and negative areas at the 
ends according as the true curve of 1/J falls above or below the one 
assumed in the original analysis. 

The required properties of the beam are, of course, fixed-end moments 
for given loads — sometimes influence lines for fixed-end moments 
stiffness and carry-over factors at each end. 



A = A'a 













1 , 

A lo 


or 


lo 


A 


^ or 

A lo 

Fig. 9. Haunched Beams — Properties. 


The stiffness and carry-over factor may be computed as shown in 
Fig. 9. 

Fig. 10 shows the solution of a typical problem of this kind, beginning 
with an assumed trial moment curve as indicated. The problem serves 
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Fig. 11. Haunched Beams — Values of 1/C. 


End Rotation Constants for Haimched Beams. The subject of con¬ 
stants for end rotation by which the stiffness of a beam may be multi¬ 
plied in order to distribute moments directly without successive con- 
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vergence is discussed in Chapter IV. A few approximate values for 
certain assumed free lengths of span are tabulated in Fig. 11 for com 
venience. 
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Fig. 12. Continuous Haunched Beams. 


Problems—Figs. 12 and 13. The solutions shown for these prob¬ 
lems are approximate and the arrangement of computations is not 
especially recommended. They are included for practice in using the 
curves. In Fig. 12 the effect of the girder flange has been neglected. 
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Fig. 13. Haunched Beams in Viaduct. 

Properties of Haunched Beams and Columns 

Below will be found curves* for various computed properties of 
haunched beams and columns. These include: 

* In the 1927 Transactions of the American Society of Civil Engineers, Walter 
Ruppel presented an extensive set of tables of derived properties of haunched beams 
following the previous work of Strassner. These included three types of haunches: 
straight, parabolic and sharply curved. In the same year, T.S.Sih, graduate student 
at the University of Illinois, in preparation of his master’s thesis, Haunched Beams 
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(a) Influence lines for fixed-end moments and coefficients for fixed- 

end moments for full uniform load. 

(b) Stiffness, S. 

(c) Carry-over factor, r. To be found from the quantity rS. 

Two points should be recognized in using such curves: 

(a) They are not absolutely exact, but are exact only for certain as¬ 

sumptions as to the variation of I. These diagrams have been prepared 
on the assumption that 7 « . If the beam is of T-section, this is not 

correct and an equivalent haunched beam in which d «should be 
drawn in order to select the proper curt^e. 

(b) It should be recognized that the haunch for beams is supposed to 
extend to the center line of column. Thus if the elevation at the junc- 



Eig. 14. Haunches — Straight and Curved. 

tion of beam and column is as shown by the heavy lines in Fig. 14 we 
must assume a haunch such as a6c. Evidently the diagram used for 
haunch ahc is not quite exact for the actual haunch. 

in Budding Construction,” plotted influence lines and curves of the type reproduced 
in this chapter. 

In 1931, in the Journal of the American Concrete Institute, L. T. Evans presented 
many of the curves reproduced in this chapter. Figs. 15-20,22, 25-28 and 32, in¬ 
clusive, with slight modification of arrangement and notation to accord with the 
text, were taken from his paper. Figs. 21, 23, 24 and 25 were replotted from the 
work of Sih. It was not thought necessary to include separate dia,grams for curved 
haunches (except in the case of full parabola shown in Fig. 15) as their effect can 
be estimated by substituting a straight line, such as shown by the full line in Fig. 
14, for the curved line shown dotted. 
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Fig. 15. Full Parabolic Haunches — Influence Lines, Stiffness and Carry-over. 
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Fig. 16. Symmetrical Straight Haunches — F.E.M. — Full Loading. 
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Values of S and rS 
in Terms of -f- at Center 








Values of Beom Stiffness in Terms of 7 - at Center 
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Values of a!' 

Fig. 17. Symmetrical Straight Haunclies — Stiffness. 
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Fig. 18. Symmetrical Straight Haunches — Carry-over. 






Values of Terms of PL Values of in Terms of PL 


142 


HAUNCHED BEAMS 












Values of in Terms of PL Volues of in Terms of PL 


PROPERTIES OF HAUMCHED BEAMS AND COLUMNS 143 



10 0.9 08 07 0.6 05 0.4 03 02 0.1 0.0 

Values of k 


18 

16 

.14 

12 

.10 

.08 

.06 

.04 

.02 

0.0 



1.0 0.9 as' 0.7 0.6 as o.4 as 0.2 0.1 0.0 

Values of Ay 

Fig. 20. Symnietrical Straight Haunches — F.E.M. — Influence Lines. 
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Fig. 23. Unsymmetrical Straight Haunches — F.E.M. — Influence Lines. 
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Fig. 24. Unsymmetrical Straight Haunches — F.E.M. — Influence Lines. 
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Fia. 25. Unsymmetrical Straight Haunches — P.E.M. — Influence Lines. 
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Pig. 26. Full Straight Haunches — F.E.M. — Influence Lines. 
(For Full Loading, see Fig. 21.) 
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Fig. 27. Full Straight Haunches — Stiffness and Carry-over. 
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Fig. 28. Joints at Intersections — One End Only — Stiffness and Carry-over, 
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Fig. 30. Joints at Intersections — Stiffness and Carry-over. 
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EtGj 31* Joints at Intersections — Stiffness and Cany-over. 
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Fia. 32. Battered Piers — Stiffness and Carry-over. 
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CHAPTER \T 


COKTIHFOUS GIRDERS — MAXIMUM MOMENTS, SHEARS 

AND REACTIONS 

A. Elementary Procedure 

Analysis of a structure for a single condition of loading is only a 
small part of the problem of analysis for design. A solution adequate 
for the design of a continuous girder, for example, must lead to values for 
maximum positive and maximum negative moments in the girders, 
maximum shears in the girders, and maximum moments in the columns. 
Because these involve several combinations of loading, any method of 
analysis employed is of little practical value unless it is rapid as well as 
accurate. 

Where the live load is uniformly distributed, whether applied to the 
girders directly or through floor beams, we may get all data for the more 
important maximum values by combining the effect of full live loading 
of the separate spans. Where moving concentrated loads are involved, 
as in the case of crane loads on continuous crane girders or of street 
cars on continuous viaducts, we may move these across the structure. 
For railway loading, an equivalent uniform load may ordinarily be used, 
at least for preliminary design. 

For uniform loads proceed as follows: 

(а) Load each span successively with live load, draw the curve of 

moments on girders, compute end shears on girders, find loads 
and moments in columns. 

(б) Add for all girders loaded, multiply by ratio of dead to live load 

and so find values for dead load. 

(c) Combine values for dead load with all positive values for live 
loads for positive maxima and with all negative values for 
negative maxima. 

If the live load specified is a series of moving concentrated loads such 
as a truck, trolley car or railway train, move the load by successive 
steps across the bridge, draw curve of moments and find shears and 
column moments for each position; compute values for dead load; 
combine for maxima. 

These procedures are applicable whether the members are of constant 
section or not. If, for any maximum value, sidesway is evidently an 
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important factor, the unbalanced shear in the columns should be com¬ 
puted, and correction should be made by treating this as a mnd load 
using approximate methods of analysis, or in rare cases by using exact 
methods of analysis. 

This is really about all that it is necessary to know. Certain addi¬ 
tional phases of the problem of maxima are brought out in this chapter 
and in that on influence lines. 

For points near the supports — as far as about the quarter-point of 
the span — maximum moments do not occur with full loading of a 
series of spans, but ^ith partial loading of one span and full loading of 
other spans. Moreover, maximum shears, except at the extreme end 
of the span, never occur with full loading of all loaded spans. In most 
cases, ho’wever, loading of parts of spans is not very important, since the 
maximum negative moment at the support is found with full loading of 
the loaded spans and there is considerable uncertainty as to the signi¬ 
ficance of the maximum shears at points other than the edge of the 
support. 

Moving Concentrated Loads. Where the live load is a series of con¬ 
centrated loads — trucks, trolley cars or railway loads — the authors 
find it convenient to get maxima by the elementary procedure of mov¬ 
ing the loads across the bridge and determining the moments pro¬ 
duced. It is convenient to have an approximate idea of the shape of 
the influence lines as an aid in spotting the loads, but it is not necessary. 

In order to avoid repetition of computations, we first draw the two 
influence lines for fixed-end moments in each span. Then distribute 
unbalanced moments of 100 successively at each support. Now, with 
the loads in any given position, scale the ordinates of the influence lines 
for fixed-end moments, multiply by the loads and so find the total 
fixed-end moments, distribute these by use of the factors just deter¬ 
mined. The curve of moments for this position of the loads is then 
easily drawn. The envelopes of all curves of moments are the curves 
of maximum moments. 

If curves of maximum shears are wanted, they may be got by a similar 
procedure. 

Illustration of Computation of Shears and Moments with Concen¬ 
trated Load Systems. Fig. 1 illustrates the determination pf all values 
of shears and moments in a frame of two spans for one position of a 
locomotive. A series of such values are to be found for successive 
positions of the locomotive and maxima determined in this way. It is 
assumed that the structure is of such importance as to make accurate 
curves of maxima for actual wheel loads worth while. 

The essential steps in the procedure are (a) the influence lines for 
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fixed-end moments, to be determined either by the column analogy or 
from curves, (b) the distribution of unbalanced moments at each joint 
except the end which is freely supported, (c) the force polygon and string 



Fig. 1. Continuous Viaduct — Moving Concentrated Loads. Moments and Shears. 

polygon for the loads. These are used over and over for each different 
position of the loads and should be determined with accuracy. 

The loads are now placed on the structure in some position. Scale 
the influence ordinates for fixed-end moments, multiply by the loads 
and set the totals at the corresponding beam ends. Multiply by the 
distribution factors and find total end moments. Lay off these end 
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moments from the string polygon for the loads and draw the closing 
lines as shown.* This gives at once the complete curve of moments. 
If we draw in the force polygon rays parallel to these closing lines, these 
rays divide the load polygon into the reactions. We can then project 
over the end shears and the forces to give the curve of shears on the 
span. 

After the curves of moments and shears are drawn for all positions of 
the load which are to be considered, the values for maxima may be 
plotted and the curves of maxima drawn. 

Use of Influence Lines. If the above procedure is used, the influence 
lines, if used at all, would be merely sketched as a guide in spotting the 
loads. If, however, the computer mshes to draw them to scale, he may 
follow the procedure just explained, drawing curves of moments and 
shears for successive positions of a unit load and taking from these 
such values as are wanted in plotting the influence lines. 

Beams of Constant Section, Influence lines for the fixed-end moments 
on prismatic beams are readily constructed from the single relation that 
the moment which would exist under the load on a simple beam is dis¬ 
tributed to the ends as fixed-end moments in inverse proportion to the 
segments of the span. Hence the sum of the end moments equals the 
moment under the load on a simple beam. The latter value varies, as 
the load moves along the beam, as the ordinates to a parabola of center 
ordinate L/4. The ordinates of this parabola are then divided in the 
ratio of the segments of the span to give the two influence lines. 

If one end of the beam is freely supported, half of the fixed moment 
which is released at that end goes to the other end. Hence the influence 
line for moment at the fixed end when the other end is free may be got 
by adding one-half the ordinates for fixed-end moment at the end which 
is free. 

Haunched Beams, To draw influence lines for end moments on 
Launched beams we may use the approximate method in which a clear 
span length is assumed, as explained in Chapter V. For many cases, 
influence lines will be found in the curves of Chapter V. In cases not 
covered by the curves, where accuracy is desired, place unit loads at 
various positions on the span and find the end moments by the column 
analogy. 

Design Procedure. Two things which seem to have received very 
little attention in the literature of the subject are quite essential to the 
proper development of indeterminate structures. These are, first, the 
development of methods of analysis which are rapid enough to put the 

♦.Ordinates to the string polygon, multiplied by the pole distance, give the bending 
moments. 
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structure quickly into shape for detailing and estimating and yet accu¬ 
rate enough so that no great change will be required after more exact 
analysis. Second, that the final '' exact analysis shall follow step by 
step the analysis on which the design is based and so check it and be 
checked by it. The “ exact analysis should be for assurance that the 
approximations used in the design have not been too crude; it should 
not itself be a design procedure. 



In the design of important continuous structures of variable section 
for moving concentrated loads, therefore, the following procedure is 
recommended. 

(а) Preliminary Design Procedure. 

(1) Draw the influence lines for fixed-end moments for prismatic 

beams and modify them so far as possible for expected haunch- 
ing. 

(2) Determine the effect of distributing such moments. 

(3) Sketch approximate influence lines for moments, shears and 

reactions to guide in spotting the loads. 

(4) Compute maxima and complete design. 

(б) Final Analysis. 

(5) Revise (1) and (2) above from the proportions used in the design. 

(6) Revise maxima and see if design is affected. 
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Types of Loading for Maxima — Uniform Loads. Accepting, for 
the present, the condition that we 'v\’ill consider only full loading of 
certain spans, it is not difldcult to see what spans should be loaded with 
live load to produce maxima. Thus, by drawing the deflected structure 
for load in span CD, Fig. 2, we see that this load produces: 

(a) Positive moment at the center of CD, AB and EF, 

(b) Negative moment at the center of BC and DE. 

(c) Negative moment in the girder at C and D, A and F. 

(d) Positive moment in the girder at B and E. 

(e) Normal shear (positive at the left end of the girder and negative 

at the right end of the girder) at C and D in CD, at C in BC and 
at D in DD, at A in AB and at F in EF. 

(/) Upward reactions at C and D, A and F. 

(g) Negative moments in the columns at A, C, E. Positive moments 
in the columns at B, D, F 

This indicates at once the loadings required for maxima. They 
reduce to two types. 

Type A: By loading alternate spans with live load we get: 
maximum positive moments at centers of loaded spans; 
maximum negative moments at centers of unloaded spans; 
maximum moments in all columns, of alternate signs in successive 
columns. 

Type B: By loading two adjoining spans with live load and then 
loading alternate spans beyond these, we get at the support between 
the two adjoining spans: 

maximum negative moments; 
maximum shears; 
maximum reactions. 

Only two types of loading, then, are involved. Of these there are two 
loadings for type A and for type B as many different loadings as sup¬ 
ports. If the number of spans is odd, two of the type B loadings are 
the same and are also the same as one of the type A loadings. If the 
number of spans is even, two of the type B loadings are the same as the 
two type A loadings. In any case, then, as many combinations of load¬ 
ing are involved as there are supports of the girder. 

Methods of Drawing Curves of Maxima. The most obvious thing to 
do, then, is to find from these different loadings the maximum values that 
we want. We can reduce the amount of work slightly by loading one 
span at a time with live load and then getting the maxima desired by 
addition. This saves one process of moment distribution and substi- 
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tutes for it some addition; the saving in time is not great. Fig. 3 
shows typical curves of moment for the different conditions of loading 
and points out certain interesting relations of the shears. 
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Fig. 3. Coatinuous Frames — Shear and Moment Relations. 


Maximum Column Moments. Maximum moments in the columns 
just indicated are correct if the column is bent only by flexure of the 
girder under consideration. Maximum moments in the columns of 
buildings, however, occur from loadings on floors both above and below 
the column. See Fig. 4. In buildings, for this loading, maYimiim 
stress occurs both at top and bottom of the column, the point of in- 
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flection being at the midpoint if the framing is the same on successive 
floors. 

In column AB, maximum moment at A, Fig. 4 (a), occurs when: 
(a) the unbalanced moment at A is maximum; (&) the stiffness of the 
column at A is maximum and that of other members connecting at A 
is minimum. This indicates approximately the loading shown. For 
the colunm, 1/C = 3/2; for the girder AC, 1/C = 1/2; for the column 
AD and the girder AE, 1/C is whatever the end restraints determine — 
say 7/8. 

If the column is a wall column the same relations apply approxi¬ 
mately except that 1/C for AC, Fig. 4 (5), is slightly greater than 1/2. 




Fig. 4. Column Moments — Live Loads for Approximate Maxima. 

A corner column is like any other wall column except that it is subject 
to bending in two directions. A roof column differs chiefly in omitting 
the connecting column at A. The whole subject will be found worth 
further study by comparing approximate and exact values. 

Interior columns are usually subject to very little moment from dead 
load, whereas wall columns are subject to moment from both dead and 
live load. 

The relations are not so simple as here indicated, however, because: 
(a) allowance should be made for the stiffening effect produced in the 
column by junction with the girder, the moment of inertia of the column 
being very great (infinite) after it joins the girder; (6) if the girders are 
haunched the lower column takes more moment than does the upper 
column; (c) the moment found above is not very significant and must 
be corrected to give the moment at the top or at the bottom of the 
girder. 

Maximum Shears. Maximum shears have been neglected to a large 
extent in the literature of continuity. Since the loading which wiU 
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prodiiC6 piftyin nim end shears is the same as the loading for maxunum 
end moments, the maxima are easily determined. They are best found 
by adding to the end shears which would exist if the beam were simply 
supported the change in shear due to the end moments. The latter are 
found by statics as the difference between the end moments divided 
by the span length, the shear being increased at that end of the span 
where the negative moment is greater. 


B. Exact Curves of Maxima 

The discussion of maximum moments and shears in continuous girders 
as given above is deficient in neglecting the effect of partial loading of 
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Fig, 5. Continuous Beam — Influence Lines. 


some of the spans. This affects the maximum moments at points dis¬ 
tant from the supports less than about one-quarter of the span length 
and the maximum shears at all points except the support. 

Maximum shears at points other than the support occur with the same 
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loading as for maximum at the support except that the live load is 
omitted between the support and the point in question. 

Maximum moments near the end of any span also occur for the same 
loading as at the end of the span except that the span in question is not 
fully loaded. 

The influence lines are as shown in Fig. 5. 

Fixed Points — Relation to Curves of Maxima. The fixed points of a 
span are conveniently defined for identification as the points at which 
no moment is produced by loads in spans lying respectively to the right 
or to the left of the given span, the fixed point at the left end correspond¬ 
ing to spans on the right, and vice versa. They are, then, easily lo¬ 
cated by moment distribution. 

More significantly the fixed points are points for which the influence 
lines for moment change from the type shown in Fig. 5 (d) to that 
shown in (/). For points between the fixed point and the support, the 


1 

L -^ 





Fig. 6 . Continuous Beam — Approximate Location of Fixed Points. 

influence lines have the shape shown in (d), which indicates partial load¬ 
ing of the span in question. 

Approximately, for a load in span CD, Fig. 6, the moment at B is 
1/2 • 1/2 Me = 1/4 Me, joint B being continuous, locating the point of 
zero moment at L/5 from B, as showm in the figure. If B is fixed the 
moment at B will be 1/2 Me, locating the fixed point at L/3 from B. 
In the case of haunched beams it will be somewhat further from the end. 
In beams of uniform section it will usually lie between 20 and 25% of 
the span length from the support. In this discussion and for ordinary 
purposes of design the fixed points may be assumed to be at 0.2L from 
the end of the span. Where accurate location is desired, fixed points 
may be readily found. In simply supported end spans one fixed point 
is evidently at the support. 

The fixed points are significant in drawing curves of maxima because: 

(1) Between the fixed points the curves of maximum moment for 
loads applied either directly or through cross beams have the same shape 
as if the beams were simply supported. 

(2) For points between the fixed points and the supports, the shapes 
of the curves of maxima are more complicated. Two points on these 
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curves are 'known, however^ one at the JBxed point and one at the support, 
and the exact shape of this portion of the curve is not usually very im¬ 
portant for design purposes. 

Construction of Curves of Maximum Moment. For curves of maxi¬ 
mum moment, proceed as follows: 

(1) Draw the curve of moment in any span when alternate spans 
including this span are loaded vdth live load. Draw’ the curve of mo¬ 
ments in this span when alternate spans not including this span are 
loaded with live load. In both cases all spans are loaded with dead 
load. 

(2) Compute maximum positive and maximum negative moments at 
the supports. 

(3) From the fixed points, which need not be very accurately lo¬ 
cated, connect the curves just drawn with the maximum values found 
at the supports. Where the Uve load is uniformly distributed, the curves 
will be tangent at the fixed points. Where the loads are applied by 
floor beams, the polygons of maximum break at each load point, at the 
fixed points and once between the fixed point and support for each 
point of loading on the span. 

The construction of curves of maximum moments thus computed is 
shown in Figs. 7 and 8. See illustrative problems following for actual 
curves. 

Curves of Maximum Shears. Curves of maximum shears are tedious 
to compute exactly, because each point requires a different partial load¬ 
ing of the span in question. Whether they are worth computing exactly 
is a matter of opinion. 

Fig. 9 shows the live loadings required for maximum positive shear 
at three points on a continuous girder. These are the same except that 
the live load has been removed between support A and the section 
considered. Now the shear produced by loading these portions of the 
span with negative live load is nearly the same as if beam AB were 
simply supported. Hence we may first draw the curve of shears for the 
loading which gives maximum at A and then add the curve of maximum 
negative shears on span AB considered as simply supported. 

Fig. 10 shows the construction for positive shears where the loads are 
uniformly applied and also where they are applied through floor beams. 
In each span there will be a similar construction for negative shears. 

For purposes of computation, this may be summarized by saying that 
we add to the maximum shears which would exist if the beam were 
simply supported, the changes in shear produced by continuity under 
that condition of loading which produces maximum moment at the end 
of the beam. 
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Computations for maximum shears are shown* in problems which 
follow later in the chapter. 



(b) Loads Applied through Floorbeams 
Fig* 10. Continuous Girder — Maximum Positive Shears; 


C. Approximate Methods of Moment Distribution 

Outline of Approximate Method. The method of moment distribu¬ 
tion already described is rapid and accurate. In finding maxima in 
ordinary cases it is sometimes desirable to sacrifice some accuracy in 
order to save time. In this section methods of doing this are suggested 
and some indication is given of the sacrifice of accuracy which results. 

Consider the influence of any one unbalanced moment in a continu- 
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ous frame. If aU the members connected at any joint were fixed against 
rotation at their far ends this unbalanced moment would be distributed 
among them in proportion to their IjL values and there would be pro¬ 
duced at the other end of each member a moment of opposite sign and 
equal to one-half of this distributed moment. If any one of these con¬ 
nected members were free at its far end, its stiffness (measured by the 
moment necessary to produce unit rotation) would be only three-fourths 
as great as if it were fixed-ended. This would alter somewhat the dis¬ 
tribution of the unbalanced moment among the connected members. 
Some of the members may be fixed, some may be free and some will 
be continuous at their ends, and the exact distribution of these un¬ 
balanced moments among them will depend upon this degree of 
fixation. 

We may approximate the actual conditions by treating all beams which 
are not either free at one end or fixed at one end as half intermediate 
between the two conditions; to use a loose term we may treat them as 
“ half free and half fixed.” We should then decrease the stiffness of 
members simply supported at their far ends by 25% and the stiffness of 
intermediate members by 125 %, leaving the stiffness of the fixed-ended 
members unchanged. Or, what comes to about the same thing, we can 
increase the stiffness of members fixed at their far ends by one-third and 
that of interior members by one-sixth. 

This adjustment seems logical and quite accurate. We can, however, 
go a step further and neglect entirely any adjustment of the values of 
//L. This is equivalent to assuming all members at any joint to be 
partly fixed at their other ends. If they are completely fixed, they will 
be about 14% stiffer, and if actually free they will be about 14% less 
stiff. But in reinforced-concrete construction the relative values of El 
are uncertain to a greater extent than 14%, and the fixed-end moments 
are themselves uncertain to the extent of 5 or 10%. The quest for pre¬ 
cision greater than is given by this method seems to neglect essential 
physical elements in the problem. 

This approximate method in which the unbalanced moments at the 
joints are ^stributed among the connecting members in the ratio of their 
IjL values irrespective of the stiffness of the far ends gives results with¬ 
in the limits of accuracy possible from the physical data — about 5% of 
the unbalanced moment at the joint. In many cases, after the fixed-end 
moments are computed, it is scarcely worth while to pick up a slide rule 
to get such facts as a designer needs. 

In general the absolute error in the distributed moment in percentage 
of the unbalanced end moment will be less than one-fourth of the per¬ 
centage error in relative stiffness. In Fig. 11 is shown the error in per- 
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centage of the unbalanced moment in the extreme case of one girder 
free and one fixed for various ratios of I/L of the two spans. 

This fact, that a considerable error in the relative stiffness of the mem¬ 
bers makes so small a difference in the result, is one of the most interest¬ 
ing and important facts connected with moment distribution. If this 
w^ere not true, moments due to continuity in concrete would, because of 
the large and erratic variations in E, be as indeterminable as some VTiters 
have alleged them to be. 



Values of K 

Fig. 11. Error from Approximate Moment Distribution. 

Comparison of Exact and Approximate Values. In Fig. 12 are shown 
comparisons of exact and approximate solutions for seven typical cases. 
It will be noted that the errors are quite small. In general the relative 
error varies with the relative variations in span length and stiffness and 
with the relative intensity of the live load. Notice, further, that the 
proper basis of measurement of the relative error is the largest fixed-end 
moment at the joint. The result cannot be more accurate than is this 
moment; no mathematics, no series of tests, no models can possibly 
eliminate all uncertainty as to bending moments in reinforced-concrete 
construction. It should be noted that the error in end moments will 
appear in the center moment as a larger relative error. 

The usefulness of this approximation is confi n ed largely to distributing 
moments where only one span at a time is assumed to be loaded. Fig. 
13 shows diagrammatically how the whole series of moments at all 
joints may be written at once for a given unbalanced moment at one 
joint, by using this approximation. 

Suppose that we have an unbalanced moment M' at A as shown. This 
is distributed to the connecting girders in the ratio KJ {Kc -\- Ki-\- X«) 
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and Ke/{Kc + + Ke)j which is abbre\iated in the figure to 

and Carrying these over to the other end of each girder, one-half 

with opposite sign, and distributing, we get in the right girder, for 
example: 



By writing first the values at each joint and adding the K values 
mentally we can write a whole series of distributions directly, using the 
upper scale of the slide rule. 

If we were to compare approximate and exact values for an unbalanced 
moment at one joint we would conclude that the method was quite 
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Fig. 13. Continuous Frame — Key Chart for Approximate Moment Distribution. 


inaccurate. But it is to be used to get maxima where all spans are 
loaded with dead load. The errors are compensating to some extent, 
and the final results, as shown in Fig. 12 above, seem reasonably satis¬ 
factory. 


D. Illustrative Problems 

Distribution of Live Loads One Span at a Time by the Approximate 
Method. Maximum Moments. Figs. 14-16 show typical computa¬ 
tions for curves of maximum moment in a simple case. 

(1) Distribute moments for loads in one span at a time. We may use 
either the elementary procedure of moment distribution, carrying it to 
any desired precision, or we may use the approximate method, as in 
these computations. 
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(2) Draw the two curves of moments for live loads in alternate spans. 
In Fig. 14 we have drawn the curves for live load and dead load sepa¬ 
rately to show the shape of the curves. It is more convenient to draw 
the two combined curves for live and dead load on the same horizontal 
base line^ thus getting at once those parts of the curves of maximum 
moments between the fixed points. This is done in the lower part of the 
figure. 

(3) Compute the maximum negative moments at the supports by 
adding all negative moments due to live load to the moment due to 
dead load. Sometimes it may also be worth while to compute the maxi¬ 
mum positive (minimum negative) moments at the supports. 

(4) Connect the curves of maximum moments between the fixed 
points, already dravm, with the maxima at the supports. This com¬ 
pletes the curves of maxima. 

Illustrative Problem. Fig. 14. The total values of I/L at each 
joint are first written at the supports and the fixed-end live load mo¬ 
ments computed as usual. 

Distributing first for live load on the span at the left, as indicated by 
the loaded line, a moment of —76 is produced at S, +23 at C, and —1 
at -D. Distributing for live load on the second span, —51 is produced 
at 5, -108 at C and +7 at D. Similarly for the third span, the mo¬ 
ments are +19, -117 and -33, and for the fourth, -1, +9 and -44. 

Find now by addition the moments at the supports for live load on 
all spans and from this, by proportion, the moments due to dead load. 
This assumes uniform distribution of dead load. (Fig. 18 shows a case 
where the dead load is not uniformly distributed.) Since the dead load 
and the live load were each taken as 1^ per foot the dead load moments 
foUow by direct addition, the values at the supports being —109, 
--193 and -71. 

From these figures the dead load moments and the maximum and 
minimum live load moments at the span centers, or elsewhere, may be 
got. The simple beam moment values at the center, \WL = +113, 
+200, +312 and +50, are written along the beam. The maximum 
positive live load moments in the fihst and third spans occur with these 
spans loaded simultaneously, and this same loading gives maximum 
negative live load moments at the centers of the alternate spans as 
indicated in diagram (a), Fig. 14. The moment at B for this case is 
— 76 + 19 = —57, giving a net center moment of +113 — 57/2 = 
+85, Similarly the center moment in the second span is —75, in the 
third +248 and in the fourth —17. 

The maximum positive live load moments in the second and fourth 
spans occur with these spans loaded simultaneously, and this loading 
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gives also maximum negative live load moments at the centers of the 
alternate spans as indicated in diagram (&). The moment at B for this 
case is —51 — 1 = —52, giving a center moment in the first span of 

— 26, The center moment in the second span is +124, in the third 

— 68 and in the fourth +32. 

The dead load moments are plotted in (c) and the curve of total maxi¬ 
ma at the bottom of the figure in (d). 

Modified Arrangement. Fig. 15. By a slight change in arrangement 
the work may be made more compact. If the proper proportion of the 
end moment is first carried over to the far end of each beam, and added 
to the fixed-end moment there, the new total moment, m", will need 



Fig. 15. Continuous Girder — Approximate Maximum Moments. 


distribution only once to get the final moments at the supports. In the 
first and fourth spans this involves no change. In the second span a 
moment of —26 is first carried over to the left end and —45 to the right 
end, giving as moments to be distributed —159 at the left and —178 
at the right. In the third span the total moments to be distributed are 
—299 at the left and —271 at the right. The final results are neces¬ 
sarily the same as in the previous illustration, Fig. 14, since identical 
operations are performed, though in a different order. 

Illustrative Problem. Fig. 16. The data are the same as above ex¬ 
cept that the girder is continuous with columns. The end moments 
are distributed as before, one span at a time. The moment in the first 
span, —113, is resisted by the combined stiffness of BC and BF, The 
moment going to BA will then be in proportion to the total I/L value 
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of these two members and is equal to -”82; the moment going to BC 
being in proportion to its own value of I/L is equal to —64. The mo¬ 
ment — 64 is then distributed to the remaining joints in the same way. 

In the girders at the supports the maximum and minimum live load 
moments and the dead load moments follow as before by direct addition. 



Fig. 16. Continuous Frame — Approximate Maximum Moments. 


For spans 1 and 3 loaded the live load moments at the three interior 
supports are: 

Span 12 3 4 

^67 -42 -80 -112 -66 -29 

from which the maximum positive live load moments at the centers of 
the first and third spans follow by subtraction as: 

+113 - y = +80 and +312 - —= +223 

and at the centers of the second and fourth spans the maximum nega¬ 
tive live load moments are — 61 and —15. The center live load maxima 
of opposite sign occur with the second and fourth spans loaded, and are 
—22, +113, —56 and +30. The center dead load moments follow 
from the live load values by addition. 
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The live load moments at the tops of the columns are obtained by 
subtraction from the girder moments, maximum positive and negative 
values occurring with live load in alternate spans. 



Computations for Curves of Maximum Shears. Fig. 17. This prob¬ 
lem follows the computations shown in Fig. 14, page 176. The posi¬ 
tions of live loads are shown for maximum shear at ends. These are 
the same as for maximum moments at supports. The end moments' for 


COMPUTATIOXS FOR CUR\^S OF MAXLMUM SHEARS 179 


live and dead load are also shown. Of course, neither of these would be 
shown in routine computations, the totals being written at once from the 
moments in Fig. 14. 

Now write the shears at end, TI>;2, for simple beams, and also the 
maximum shears at centers, TT"x,/8, for live load to center on a simple 
beam. 

Compute AM/L, the change in moment (difference between end 
moments in any span) divided by the span, at each end of each beam, 
for the loading producing maximum end shear. Note that the shear is 
added arithmetically at ends of beams at which the negative moment is 
greater; at ends where the negative moment is smaller it is subtracted 
arithmetically. 

Add the changes in shear due to continuity, AM/L, to the shears on 
simple beams, to get maxima at ends and at center. 

In the first span maximum shear at the left support occurs vith live 
load on spans 1 and 3. The end moments for this loading are 0 on the 
left and —166 on the right. The shear due to this difference in end 
moments is AM/L = (0 — 166)/30 = 5.5 and is subtracted from the 
simple beam shear. The total shear at the left is +24.5. 

At the right end of the first span maximum shear is produced by 
loading spans 1, 2 and 4, as this is the loading causing maximum moment 
at the support. In this case AM/L = (0 — 237)/30 = 7.9 and is added 
to the simple beam shear giving a total shear of —37.9. 

The maximum positive (minimum negative) shear at the center is 
+3.8 — 5.5 == —1.7. The maximum negative shear at the center is 
-3.8 - 7.9 = -11.7. 

Values in the other spans are obtained in similar manner. 

Illustrative Examples, Maximum Moments. Fig. 18. This prob¬ 
lem differs in principle from that shown in Fig. 14 only in that the dead 
load is not uniformly distributed. Consequently the dead load mo¬ 
ments for each span must be got separately by proportion as indicated 
by the figures in parentheses. 

The curves of maximum moments are here drawn directly. Those 
parts between fixed points are first got from loadings a and c. Maxima 
at the supports are then plotted and the curves completed, as previously 
explained. 

Maximum Moments, Shears and Reactions. Fig. 19. This shows 
complete computations for maximum moments and for maximum end 
shears. The moment distribution is approximate, as in the examples 
above. 

Note the figures in parentheses in the row of figures for maximum 
negative moments. These are moments for the loading giving maximum 
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Eia. 18. Continuous Frame — Curve of Maximum Moments. 
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of these two members and is equal to —82; the moment going to BC 
being in proportion to its own value of I/L is equal to —64. The mo¬ 
ment — 64 is then distributed to the remaining joints in the same way. 

In the girders at the supports the maximum and minimum live load 
moments and the dead load moments follow as before by direct addition. 



Fig. 16. Continuous Frame — Approximate Maximum Moments. 


For spans 1 and 3 loaded the live load moments at the three interior 
supports are: 

Span 12 3 4 

-67 -42 -80 -112 -66 -29 

from which the maximum positive live load moments at the centers of 
the first and third spans follow by subtraction as: 

+113 - y = +80 and +312 - —= +223 

and at the centers of the second and fourth spans the maximum nega¬ 
tive live load moments are — 61 and —15. The center live load maxima 
of opposite sign occur with the second and fourth spans loaded, and are 
—22, +113, —56 and +30. The center dead load moments follow 
from the live load values by addition. 
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negative moment at the opposite end of the beam. They are used in 
the shear computations to get AM. 

Problem with Irregular Loading. Figs. 20-22. This problem differs 
from those that precede only in having the loads applied through floor 
beams. The loading is irregular owing to open panels in the floor as 
shown. 

Fig. 20. As usual, the fixed-end moments are first computed. They 
have here been adjusted for direct distribution as explained above. 



Fig. 21. Curves of Maximum Moments and Shears (See Fig. 20). 


Moments are then distributed by the approximate method, one span 
at a time, and the totals found. 

The maximum shears on the spans, considered as simply supported, 
are then computed. The shears due to continuity are computed from 
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the moments 'u-hich exist for the loadings giving maximum moments 
at the supports. (The moment at the other end of each span existing 
simultaneously with the maximum end moment is sho’^m in parentheses 
in the row of figures for maximum negative moments.) 
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Fig. 22. Maximum Moments — Exact Moment Distribution. (See Fig. 20.) 


Fig. 21. The curves of maximum moments for the two cases of live 
load in alternate spans (Fig. 20) are then plotted, the maximum moments 
at supports are plotted and the connecting curves (polygons) drawn 
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between the fixed points (assumed) and the supports. These polygons 
break at the fixed points and once between fixed point and support for 
each load point on the span. 

The curves of maximum shear are also plotted. 

Fig, 22. This problem (Fig. 20) is so irregular that it seemed of 
interest to make a more exact study of the maximum moments. More 
precise moment distributions were accordingly made and new totals 
determined. These are shovm in Fig. 22. The revised values of the 
maximum moments are shown in circles on the curves of maxima 
(Fig. 21). It is quite apparent that the approximate method is suffi¬ 
ciently accurate here. Note, however, that exact moment distribution 
as shown in Fig. 22 involves little more work. 


E. Curves of Maximum Moments for Standard Cases 

The authors have not included curves of maximum moments for 
standard cases, partly because the usefulness of this text would seem to 
be in a discussion of fundamental principles and their application to the 
preparation of standards and to the analyses of problems occurring in 
irregular structures rather than to stock discussion of cases covered by 
code requirements. 

Questions Arising in Preparation and Use of Standard Curves. For 

the preparation and application of such standard curves it is necessary 
that the specifications for their preparation be clear on two points: 

(а) Where a beam frames into a column or into a girder, what shall 
be taken as the fixed-end moment on a section of the beam at the face of 
the column for load uniformly distributed over the span? 

(б) Shall any allowance be made for torsion in connected girders due 
to rotation of the ends of the girders we are studjdng? 

The second question is pretty definitely answered by codes at the 
present time; no such allowance is made. Eventually, however, such 
an allowance may be permitted in specifications when some data are 
available as to the torsional stiffness of concrete girders. The girders 
in torsion could then be treated just as connecting columns are treated 
in analyses. This question, then, affects the application of the curves 
rather than their preparation. 

The first question has apparently been answered in two very different 
ways by different writers who have prepared curves or tables of maxi¬ 
mum moments. In several cases they seem to have been quite uncon¬ 
scious that they were answering this question or of the implications of 
the answer given. 

Suppose it is assumed that when no rotation of the end of the beam 
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(Fig. 23) takes place, the moment at the face of the column for full 
uniform loading is taken to be 1 12 X (load per foot) X (clear span)^. 
We have then assumed that no deformation of the beam takes place 
beyond the face of the column. The curve of 1/{EI) for the beam, 
then, is as shown in diagram (6) of Fig. 23 instead of that shoum in (a). 

It should be evident that it is not correct to assume the curve of 
moments shown in (6) and at the same time the curve of 1/(EI) shown 
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ia (a). Whether it makes any appreciable difference in the computed 
moments depends on circumstances. But it is not correct in any case. 

Of course, it makes a difference in the computed moments whether 
we assume the moment curve shown in (a) or that shown in (6) for the 
fixed-end condition. The moments are quite different both at center 
and at support; the total moment, positive at center plus negative at 
face of column, however, is not changed. 

Which of these two should we assume? The facts are probably nearer 
to the second condition; very likely there is not much flexure of the beam 
after it merges into the column, though there is some. Certainly most 
engineers would design for an end moment 1/12 it; (clear span)^ at the 
face of the wall in the case of a beam fixed in heavy walls at both ends. 
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If we accept case (b), however, we are committed to the analysis of a 
frame containing beams of varying section. The fixed-end moments are 
as shown for uniform load and may be found for other conditions of 
loading, and the stiffness and carry-over factor can be found as explained 
in Chapter V. But the stiffness is no longer proportional to I/'L for 
different beams, and the carry-over factor is no longer 1/2. These 
values become: 

Fixed-end moments for uniform load = 1/12 wL-[l + 2a(l — a)]. 

Stiffness varies as I/L' [1 + 3(L/Uy]. 

Carry-over factor (very nearly) = 1/2 [1 + 3a]. 

If a = 1/10 these values become: 

Fixed-end moments == (1.84/12) ujL'-. 

Stiffness 1.78 times as great as that of a beam exactly similar except 
that it is assumed to have uniform section for its full length L. 

Carry-over factor = 0.65 (a more exact value is 0.648) 

If we base our curves on the assumption of no deformation wdthin the 
joint, w^hich is probably more nearly correct than that of full deformation, 
we encounter difficulties in preparing usable curves because in addition 
to the usual variables we have the varying ratio of clear span to total 
span. 

Several sets of curves and tables of maximum moments are in print 
and others have been compiled for private use. Most of these are 
based on the assumption of full deformation within the joint. Usually 
these give maximum negative moments at the intersection of the mem¬ 
bers, and these need to be corrected (by subtracting the end shear times 
half the width of the support) to the face of the support for use in design. 

Some of these curves and tables seem to be entirely wrong; any dis¬ 
criminating engineer will satisfy himself fully as to the method used in 
their computation before using them. Any set of such curves which 
purports to give coefficients for moment computed on the clear span 
without reference to the ratio of clear span to span on centers is neces¬ 
sarily based on assumptions which need careful scrutiny. 

Some Blunders in Analyzing Continuous Beams. A reader careless 
of his statics might suppose that, in analyzing either of these cases, it 
would be necessary to take account only of the fixed-end moment at the 
face of the column and that the unbalanced sum of such moments at 
any joint should be distributed among the connecting members. This 
neglects entirely the effect of the unbalanced shears at the face of the 
column. Thus suppose we have beams connecting to each side of a 
column and loaded as shown in Fig. 24 (a). If we adopt the theory that 
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no deformation takes place in the beam after it joins the column, then 
if we assume that there is no rotation of the joint, we find moments 
-100 at both faces of the column together with shears as shown in (6). 



It is evident that the joint is not balanced; moments would be pro¬ 
duced in the columns by this condition. It is the bending moments 
for the fixed-end condition computed at the intersection of the axes of 
the members which must be balanced, because the shears are then taken 
through the same point and so are eliminated from the problem. 

Another blunder, but less serious in its results, is possible if we accept 
the theory that no deformation takes place in the beam after it joins the 



Fig. 25. Showing Why Stiffness Must Be Referred to Center of Support. 


column or in the column after it joins the beam. We cannot now take 

moment of inertia 


the stiffness of these members as proportional either to 
moment of inertia 


or to 


clear length 
nor can we take the carry-over factor as 1/2. 


length on centers 

Eotation of the whole joint occurs and must take place about some 
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one point. This point is the intersection of the axes of the connecting 
members. The deformation of the members due to this rotation is as 
shown in Fig. 25. It wiH be noted that sections through the intersection 
of center lines are rotated, but sections BCj CD, DE, EB are displaced 
linearly as well as rotated. 

Rg. 26 shows a comparison of curves obtained in one case by three 
methods discussed above: (a) assuming no deformation mthin the joint 
and carrying this assumption throughout; (b) assuming the beam to be of 
constant section to the center of the girder and carrying this assumption 
throughout; (c) neglecting the rotational effect of the shears at the faces 


Compufed Curves 
iP of Moment 


-Width of Support^ 
ClearSpan 

End Span 




(a) - Assumption 

of No Deformation 
within Joint 

(b) - Assumption 

of Full Deformation 
within Joint 


(c)- Incorrect 

Method, Neglecting 
Effect of Shears at 
Faces of Supports 

ClearSp an 

InterlorSpan 


Fig. 26 . Comparative Curves of Maximum Moments. 


of the girders. The case selected is somewhat extreme — live load twice 
dead load — but not unusual. The diagram brings out especially the 
deficiency of steel given by curve (c). 

Limitations on Finding Exact Maxima in Building Frames. Any 
attempt to determine exactly the maximum moments and shears in 
building frames encounters difllculties both from lack of knowledge 
and from lack of time. 

We should note the uncertainties which result from 

(1) Variation of what we call I along the length of the girders, pro¬ 
ducing uncertainty in the fixed-end moments, in the relative stiffness 
and in the carry-over factors. The uncertainty is not as great as some 
seem to think but it must not be overlooked. 

(2) Uncertainty as to the relative moment of inertia of columns 
and T-beams. 

(3) Uncertainty as to the torsional restraint produced by members 
connecting at the columns. 

It is proposed here to call attention to certain other elements in the 
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probleni. To briBg out these elements we have chosen a rather extreme 
but not impossible case. 

It is desired to find maximum end shear and end moment in girder 
A, Fig. 27, adjacent to the corner panel of a building To simplify the 
problem we nill assume that both slabs and beams are simply supported 
along walls AA and are rigidly fixed along fines BB. 

For the present neglect the stiffness of the column and neglect all 
torsional effects. To get ma.ximum shear and moment at the inner end 
of girder A we load all four panels. The usual conventional analysis 
is for equal panel loads of 26.6*^. 

This assumes that the reactions of the slabs on the beams and of the 
beams on the girder are the same as if they were simply supported. 



Live Load - lOO^/at 
Dead Load = lOO^/at 

Pane! Load-- 
200^.6.67x20=26.6^ 


Fig. 27. Corner Panel in Building. 


Because of continuity this is not correct. The outer slab is free at the 
wall but is continuous over the first inner beam. The reaction from 
this slab on the first inner beam, then, is increased about 20% and the 
load on the beam is increased about 10%. 

In the same way the reactions from the other beams are increased 
about 10%. 

The reactions on girder A then, instead of being as shown in Fig. 
28 (a), are more nearly as shown in (6). 

But even this analysis is not correct because the flexure of the girder 
is undoubtedly considerably restrained by the torsional resistance of the 
connecting beams. This also affects the fixed-end moments, the stiff¬ 
ness and the carry-over factor. If we know the torsional stiffness of the 





LIMITATIONS OX FINDING EXACT MAXI^IA IN FRAMES 191 


connecting beams, we can include it in our analysis; it is not worth 
while to go into the method here. 

This torsion of intermediate floor beams tends to reduce the moments 
in the girder. Of course, if the other end of the floor beam connects to 
a girder which is bent as is the girder in question, there is no torsion. 



Fig. 28. Comparison of Computed Shears in Corner Panel. (See Fig. 27.) 


Where, then, the moments are increased by continuity they are some¬ 
what decreased by torsion; where there is no torsion, there is not much 
increase in load. Torsion, however, does not reduce very much the 
maximum shears. 

This whole subject is a research problem. The same elements enter 
into the analysis of slab and beam construction as into analysis of flat 
slabs, though their relative importance is different. The only purpose 
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of tills discussion is to discourage a too naive attitude toward the analy¬ 
sis of slab and beam construction. Our analyses must necessarily be 
somewhat conventional; the answers are not exact. 


F. Further Short Cuts for Preliminary Design 

Effect of Distant Spans. We can further shorten the work of drawing 
curves of maxima if we can estimate closely enough the effect of loads 
in spans not adjacent to the supports. If we can do this the number of 
moment distributions required is reduced to two. Thus in Fig. 29 if 
we load spans (1) and (3) (alternate spans) and then spans (2) and (4), 
w’e can get the effect of loads over all spans by addition of these two cases. 
If now w^e can estimate quickly the effect at support A of removing the 
load from span (3), we can find maxima at support A, If we can esti- 
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Fig. 29, Approximate Loadings for Maxima. 


mate the effect at support B of removing the load from spans (1) and 
(4), we can find maxima at support B. The effect of loads in spans 
further removed than this may, except in the most unusual cases, be 
neglected. The shears and moments produced by live load in these 
spans, the next spans* but one from any support, may be closely esti¬ 
mated with a little experience. In general they will amount to about 
one-tenth of the live load maximum and hence less than one-tenth of the 
total. They do not, then, need to be estimated with great accuracy. 
No attempt has been made, however, to show just how to estimate these 
corrections. If one is quite familiar with analyses for single-span load¬ 
ing, he can do it quite readily; otherwise he would better avoid trying 
to do it. In fact, one who is experienced in distribution of moments 
can write the values for curves of maximum moments almost by in¬ 
spection with enough accuracy for preliminary design. 

Symmetrical Frames. If the structure is symmetrical, this procedure 
is considerably abbreviated. If the number of spans is odd, the center 
span is always symmetrically loaded and we may conveniently use the 
end rotation constant. If the number of spans is even, there is only one 
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condition of loading to be investigated, the two cases of loading in which 
we load alternate spans being of opposite hands. 

Fig. 30 shows the determination of end moments for a three-span sym¬ 
metrical case. In this case w-e should add about 10% of 100 on the 
right and 5% on the left of the first interior support to the maxima 



Fig. 30. Symmetrical Frame — Approximate Maximum. Moments Using 1/C. 

found for full loading to allow for the removal of live load from the 
distant end span. 

Approximate Maxima by Graphics. Fig. 31 shows how the dis¬ 
tribution may be made graphically, in (a) for full loading, in (6) for load¬ 
ing of the end spans. In (c) the two diagrams have been combined. 
This leads directly to Fig. 32, in which all maxima are foimd directly 
on one diagram of moments, some allowance being made for positive 
moment at supports due to loads on far spans. 

From the curves of moments thus determined, the curves of maximum 
live load moments may be drawn directly and by superimposing the 
curve of dead load moments (got by proportion from the curve of mo¬ 
ments for full live loading and drawn upside down so as to be automat¬ 
ically added) we get the curve of maximum moments. 

The curves of shears have also been drawn. If we know the point of 
zero shear, which is halfway between the points of inflection tor any given 
condition of loading, we can draw the curve of shears through this point 
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Fig. S3. Suggested Graphical Construction for Maxima. 


on the proper slope. In this case no correction has been made in th 
shears at the first interior support for live loads in the far span. 

In Fig. 33 a similar construction is shown for the case in which th 
ends of the girders are fixed. 

These diagrams are intended merely as suggestions. 
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RIGID FRAMES 
A. Types and Uses 

Definition of Terms. The term “ rigid frame has been used in 
different senses by different writers. It may be taken to apply to all 
frames having rigid connections at the joints and would then include 
buildings, bents and viaduct structures. By some it has been restricted 
to those structures which are made continuous with the object of im¬ 
proving the design, as has been done in arched bents used for industrial 
buildings, for hangars and similar structures and also in rigid viaduct 
frames at highway over-crossings having limited clearance. 

A bent may be defined as a structure consisting of colunms supporting 
a transverse girder. If the girders are curved the bent is referred to as 
an arched bent. A rigid frame is a bent or series of bents depending 
for its stability on continuity at the joints. 

In some structures continuity of columns with girders is a distinct 
disadvantage to the designer because it complicates the design without 
saving material and is justified only by its convenience to the construc¬ 
tor; in others, continuity is definitely depended upon to produce econ¬ 
omy of materials. The effect of continuity on the stresses is in the one 
case similar in some ways to what is referred to as secondary stress in 
steel construction; in the other the moments produced by continuity 
are themselves primary. In one instance we do not depend on continu¬ 
ity to support the load; in the other, we depend on it definitely. 

The term frame ” here is used in a rather indefinite sense. Prac¬ 
tically all structures of reinforced concrete except single-span arches are 
rigid frames. The chapter discusses certain questions not discussed 
elsewhere in the book and brings together certain methods and views 
which are elsewhere presented separately. 

There seems to exist a popular idea that bents with curved members 
may be classified as arches and that some mysterious source of economy 
attaches to arched construction. If the thrust of the arch can be pro¬ 
vided for without additional cost in the foundations and if the arch can 
be formed to the pressure fine of the p:myailing load syston ^the arch 
may prove qui te economical. In framed bents neither of these con¬ 
ditions is readily safisfieU:;^ 
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In general, little if any economy is to be expected from this form of con¬ 
struction, though some economy” is possible under existing specifications. 
If increased stresses are permitted in columns subjected to combined 
thrust and flexure, it may evident I}’’ be cheaper to decrease the bending 
moments in the girders at the expense of increased moments in the 
columns. 

In other cases economy may result from the fact that some sort of 
framework fits the load conditions. Thus, in the case of the frame 
bridges w^hich have been used in Europe and more recently in America, 
economy is claimed as a result of making the abutment a beam sup¬ 
ported at two points rather than an ordinary gravity abutment. Most 
of the economy realized in this type of construction, however, results 
from reduction in height made possible by reduction of the depth of 
girder at mid-span wdth consequent decrease of yardage in the ap¬ 
proaches, and from savings in constructing the foundations. 

Sometimes the rigid frame can be made more attractive in appear¬ 
ance than simple post and girder construction. This is its chief merit. 
The same result may be obtained by a structure of the same shape made 
statically determinate with hinges, but hinges are not generally desirable 
in structures of reinforced concrete. 

Types of Rigid Frames. In Fig. 1 are suggested some types of 
construction which may be called rigid frames. 

Loadings of Rigid Frames. Rigid frame buildings are subject to: 

(а) Dead load, which is usually symmetrical. 

(б) Live load on floors. 

(c) Snow load on roofs, which is usually symmetrical. Critical 

stresses for snow load may sometimes, however, result from 
conditions of unsymmetrical loading. 

(d) Wind loads. 

(e) Stresses resulting from temperature changes and from shrinkage. 

Rigid frame bridges are subject to: 

(а) Dead load from the structure itself and its roadway. 

(б) Live load considered as a moving uniform load or as a series of 

moving concentrated loads. 

(c) Earth pressure against the abutments. 

(d) Stresses resulting from temperature changes and from shrinkage. 

(e) Traction, centrifugal force, wind. 

In general, then, we have the problems of fixed vertical loads, of 
moving vertical loads and of horizontal loads. The three need shghtly 
different treatment. Moreover, the relative importance of these three 
sources of stress and the degree of precision justified in their solution 
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vary vith the type of structure. The problem of moving vertical loads 
is not treated here (see Chapter VI), the chapter being devoted almost 
entirely to single-story buildings or to vind stresses in buildings having 
more than one story. 



(g) Arched Bent (h) Mill-Buildinq Type 

with Side Aisles 



(i) “Rigid Frame” (j) Continuous Arched Bents 

Bridge with Side Aisles 


Fig. 1. Types of Rigid Frames. 

Methods of Analysis of Rigid Frames. Rigid frames may become 
relatively complicated structures, and considerable ingenuity is often 
needed for their exact analysis. 

They may be, with some convenience, classified as foUows: 

(a) Frames of one story with one or more aisles and with straight mem¬ 
bers. Such structures may be either bents or viaducts. For vertical 
loads they are readily analyzed, by moment distribution. If sidesway 
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is indicated and it can occurs we may easily’' correct for it; it is rarely 
important from the \iewpoint of design for vertical loads. For hori¬ 
zontal loads resulting from wind or traction we may use moment dis¬ 
tribution, but it viil be found that simple shear distribution (distribu¬ 
tion of the horizontal force to the columns) is sufficiently accurate. 

(b) Alulti-story frames of one or more aisles with straight and con¬ 
tinuous members. These are usually buildings, though viaducts some¬ 
times have two decks. For vertical loads they are analyzed by moment 
distribution. The problem connected with their design w^hich is dis¬ 
cussed in this chapter is that of vdnd stresses. 

(c) llulti-story frames of more than one aisle with straight members, 
some of which are not continuous across the structure. These are 
commonly mill-buildings with, side aisles. This type of construction 
also occurs in multi-story buildings having mezzanine floors. 

(d) Frames of one story and one aisle with curved members. These 
are commonly industrial buildings with arched roofs but without tie 
rods. After they have been designed, they may be analyzed by the 
column analogy. Certain view^points are indicated that may guide in 
their design. 

(e) Frames of one story and of more than one aisle with curved mem¬ 
bers. Series of continuous arched roofs or other arches on high and 
slender supports. The problem of continuous arches is discussed in 
Chapter IX. 

Methods of Design. Here, as elsewhere, it is important to distin¬ 
guish methods of design from methods of exact analysis. Methods of 
design tell us "what general shape and proportions to give to the structure; 
methods of exact analysis are in general to be applied only after the 
design is made. 

Methods of design must be simple and convenient in order to be 
useful. In the case of structures which are as complicated in their 
action and as various in their forms as are continuous frames, it is not 
possible to lay down perfectly general rules. 

The methods of design discussed here are: 

(а) The method of moment distribution for cases in which the joints 

do not move. 

(б) The pressure line conception for visualizing quickly the probable 

curve of moments in a single bent. 

(c) The distribution of shears in allowing for horizontal forces. 

(d) The use of the conception of false ties and struts in certain cases. 

For exact analyses we may use moment distribution, shear distribu¬ 
tion, the column analogy and combinations of these methods. 
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B. Single-stoiy Bents of One Aisle 

Bents one stor}^ high \\ith a width of one aisle may be: 

(а) Bents supporting the girders in \naducts. 

(б) Rectangular frames for industrial buildings — the mill-building 

type T^ithout side aisles — frequently carr 3 dng cranes. 

(c) Frames \\ith arched roofs such as are sometimes used for garages 
or for factor^^ buildings having some architectural pretensions. 

In these structures, if of ordinary" proportions, the stresses due to vind 
and to change of temperature are rarely" serious; the frames are designed 
for gravity loads. Elaborate analyses of such structures may, and usu¬ 
ally do, become ver^^' academic. They serve excellently, however, as 
illustrations of method, and several of the examples which follow are 
included for that reason onl^". 

The isolated one-story bent offers an opportunity not only to illus¬ 
trate methods of analysis — moment distribution, moment distribution 
with correction for sidesway, the column analogy, the use of pressure 
lines — but also to show many errors that may creep into such analyses 
or into their interpretation. The following questions arise: 

(a) If sidesway is indicated, can it occur? Is it free? Does this 
affect the design? 

(5) Have we made proper allowance for the stiffening of the members 
within the joint? It may be dangerous to analyze the structure as a 
line diagram.* 

(c) In the column the significant moment is at the bottom of the 
girder. Several important questions then arise as to allowable stresses 
at this section: 

(d) What will be the effect of any probable foundation distortions? 

(e) Are the stresses in the columns to be looked on as primary stresses 
depended on to carry loads, or as secondary stresses? Should we dis¬ 
tinguish these in choosing allowable stresses? 

(/) What load combinations are probable? 

Some of these questions are discussed here. They constantly recur 
in continuous frames and need much consideration. 

Theory of the Static Arch as Applied to Single Bents. The quickest 
way to form an idea of the curve of moments in an arched bent is by 
using the pressure-line theorem. From t|iis theorem we know that, if 
the arch is of uniform section, the true line of pressure is that string 

* The question is sometimes asked whether a bent should be analyzed using the free 
length or the full length in computing I/L of the members. The answer is that 
neither is correct, though either may be approximately correctt 
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polygon for the loads which lies nearest to the arch axis.* In the case 
of an arched bent this pressure line cannot be sketched by eye as easily 
as in a true arch of which the shape more nearly fits the loads. Never¬ 
theless the conception is verj* valuable. 

In the bent shown in Fig. 2 the pressure line would be as shown in 
(a) if the bent had the hinges shown. If there are no hinges, there will 



(a) True Pressure Line for Three-Hinged Arch 






(c) Curve of Moments ind/cafed by Pressure Line Sbo*^/n(b) 


Fig. 2. Pressure Lines in Bents. 


be moment at the crown and the pressure line will be more nearly as 
shown in (&). 

If the bent were of uniform moment of inertia we could form a very 

* This is not an exact statement of the pressure-line theorem, nor is it exactly true, 
but it will serve our purpose here. See the discussion of this theorem in Chapter IX. 
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fair idea of the position of this line of pressure by sketching so that the 
moment areas balance. But the section wiR not be uniform and the 
position of the pressure line is sensitive to large changes in I, which 
means that it is sensitive to relatively small changes in the depth. The 
pressure line moves towards a section of small depth (small J) and away 
from a section of large depth. 

If the foundation is not absolutely immovable — and every foundation 
bed is subject to some distortion from load — the pressure line moves 
towards the base of the column. 

The analysis of the structure, then, involves two sources of uncer¬ 
tainty: 

(а) We do not know accurately the relative moments of inertia of 
the column and of the girder, especially if the latter is of T-section. 

(б) We do not know the stiffness (elastic properties) which should be 
assigned to the foundation. 

We can vary the curve of moments in this structure by varying the 
shape and proportions of the structure, and there will always be some 





Fig. 3. Pressure Line in a Bent. 

uncertainty as to the exact curve of moments for the reasons stated 
above. This latter fact need not be very serious if it seems worth while 
to draw, by use of the column analogy, several curves of moment based 
on different assumptions as to the elastic properties, but this will not 
usually be done unless the structure is quite important. In any case 
some added material will be required by this uncertainty. 

Fig. 3 shows the pressure line for a rectangular bent. In this case 
the bent has been treated as a line diagram, which is not exact. For 
further discussion of the moments in bents see Chapters II and III. 
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Pressure Line Due to Wind in an Arched Bent. On page 214 is 
given an approximate method for anabasis of moments due to vind in a 
rectangular bent. From such an analysis it is easy to draw the pressure 
line for a given case, as shown in Fig. 4. 

It vill be seen that this pressure line is like a bag fastened to the 
ground and held b^^ a strut against the t\nnd, the ends of the bag being 



Curve of Moments Pressure Line 

Fig. 4. Wind Pressure on Rectangular Bent. 


tangent to the reactions. From this picture a rough sketch may be 
made of the pressure line for an arched bent. In Fig. 5 the moments 
are conveniently found as iif = Fr, where F is the vertical component 



Fig. 5. Wind Pressure on Arched Bent. 


of the reactions and x is measured horizontally from the structure to the 
right reaction on the right of the crown and to the curved pressure line 
on the left of the crown. Vertical components of the wind pressure 
have been neglected. 

It is true that this pressure line cannot be sketched accurately by eye, 
since its position depends on the shape and proportions of the structure, 
but by roughly sketching it we may form some impression of what values 
are important and whether they are worth accurate computation. 

Analysis of Single Bents by the Column Analogy. Single bents may 
be analyzed by use of the column analogy as explained in Chapter III. 
Usually the best thing to do is to use the column analogy to draw the 
pressure line, since this gives at once a picture of the curve of moments 
and of the action of the structure in resisting the load. 

For convenience a brief recapitulation of the column analogy is given 
here: 



AX.VLYSIS OF SINGLE BENTS BY COLUMN ANALOGY 205 


(1) Draw any convenient curve of moments statically determined 
for the given loads. 

(2) Consider these moments as intensities of pressure on a column 
section ha\dng the same dimensions as the elevation of the bent except 
that the vidth is proportional everywhere to a small quantity 

This is the analogous column section. 

(3) Locate the neutral axis of this section for the loads just deter¬ 
mined. This is the line of action of the reaction which is needed to 
maintain continuity. The magnitude of this reaction is the fiber stress 
at unit distance from the neutral axis. 

(4) If the bent is stressed not by loads but by internal linear deforma¬ 
tions — due to shrinkage or to change of temperature — apply a moment 
to the analogous column equal to this deformation and about its Hne 
of action. In this case the quantity El must be given its true value, 
with due attention to the units used. 

(5) For movement of supports apply a moment to the analogous 
column as above if the support moves vdthout rotation; otherwise 
apply on the analogous column at the center of rotation a load equal to 
this rotation. 

The components of the redundant reaction are given by 


Vi = 


M, 


- My 


T 

J-XV T 


M ' 

and hi = 



which reduces, in the case of a S3anmetrical section, to 


Vi = 


M, 

Ix 


and hi = 


M 3 , 

ly' 


The intercepts on axes through the centroid of the section are 


Xi = 


Pa P 


A convenient basis for the computation of all indeterminate moments 
is to locate first the neutral axis of the analogous column and find one 
component of the indeterminate force acting along the axis. 

The components of the indeterminate force are changes in the reac¬ 
tions from those existing under the static conditions assumed. We may 
find the components of the reactions as 7 = 2 ;^ — Vi and H = hs — hi. 

With the components of the reactions known it becomes a simple 
matter to draw the pressure line. 

The pressure line for the structure may sometimes be drawn con- 
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veniently by superimposmg the curve of statically determinate moments 
on the neutral axis to a vertical scale of hi 1 or to a horizontal scale 
of r,* = 1 according to whether the moment is laid off horizontally or 
vertically. This construction of the moment curves was illustrated on 
page 71, Chapter III. 

Fig. 7 shows the solution of a small rigid-frame shed included here 
partly as a simple problem illustrative of the elementary method and 



Fig. 7. S 5 anmetrical Bent — Column Analogy. 


partly to supply data for a solution of the same problem in Fig. 8 
by the more general procedure of sketching in the pressure line directly. 

In this problem .the relative value of I is assumed to be equal to the 
cube of the depth of member. Because of the symmetry of the section 
it is necessary to compute the properties of the analogous column only 
in the Y direction. The assumed static moment curves are shown in 
the upper part of the figure, all signs being positive in accordance with 
the usual convention. 

Fig. 8 shows a solution of the same problem by the general procedure 
of first locating the neutral axis of the elastic section. 
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Data from Fig. 7 
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=46.5 



h.=^ 


_4410 
^ im 
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In Fig. 9 an unsymmetrical bent with horizontal load further illus¬ 
trates the general procedure. 

Analysis of Rectangular Bents by Moment Distribution. If the bent 
is rectangular, it is often more convenient to analyze it by moment dis¬ 
tribution with proper correction for sidesway than by the column 
analogy. This perhaps is not true where the 7/L values are nearly the 
same for column and for girder, but in the normal case, where the girder 
is very heavy compared with the column, the conception is very useful. 

If the bent is symmetrical as to form and loading and we use end 
rotation constants, then for vertical loading as shown in Fig. 10 (a) 
the l/C value is 1 for the column and 1/2 for the girder. If the girder is 
moved horizontally without rotation of the ends by some force, as shown 
in Fig. 10 (6), then in distributing the end moments, 1/(7 is 1 for the 
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Correcting to the Centroid Correcting for Dissymmetry 

1^^427-1J[1Z.9Y =143 Mj. = *968{-727 = +7<?5 

I =Z83-1.7[103f =103 A^’ = -727-1+968^ = -350 

^ { '~26 \ 

I^= *200-1.7{-12.31-103) —26 ^ = M3 -{-26 ) = 136 

1^-103-(-26]^) -98 

Fig. 9. UnssTrometrical Bent — Column Analogy. 


columns and 3/2 for the girder. Hence for vertical loading we may 
take the relative stiffness of the column to be twice as great as indicated 
by 1/L and for horizontal displacement we may take it as two-thirds as 
great. 

The problems of Pig. 11 (a) and (6) show the method. If the girders 
are quite deep or the columns quite wide, the solution errs in neglecting 
the fact that little flexure can occur within the joint. 

In Fig. 11 (6) the same dimensions were assumed as in (a). It is 
desired in this case to compute the moments due to a 10^ load as shown. 





EEMARKS OX SIDESWAY 


209 


We first assume any fixed-end moments — say 100 at each end — dis¬ 
tribute them, compute the total shear and then multiply by the ratio 
of the load to this shear. 




Morizonfal Loading 

(a) (b) 

Fig. 10. Symmetrical Bent with Sidesway. 


10^ 












[ierhca! Loading 

(c.) 


Assume -^fgirder-d 

^ of column-2. 

l/omentaffop ofcolumn = 

4 f Jr' 

. MomsnfafboHomof'a^umn= 


Jr ^ 

lOZ 



Nortzonfo!Loading 

(b) 

Fig. 11. Symmetrical Bent — Moment Distribution. 


For other illustrations of the application of moment distribution to 
rectangular bents, see Chapter IV. 

Remarks on Sidesway. In analyzing a bent by moment distribution 
we first assume no movement of the joints and analyze for this condition, 
find by statics the force necessary to prevent such movement and find 
the moments which it would produce, and then take the difference of 
the two results. This is referred to as correcting for sidesway. 

If we analyze the bent by the column analogy, the question of side- 
lurch does not enter into the solution. The method of moment dis- 
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tributioB. is a method of thinking about what is happening in the struc¬ 
ture; the column analog}’' is a mechanical tool for analyzing the struc¬ 
ture. It is characteristic that the method at once raises a question as 
to whether such sidelurcli is possible, but the tool raises no question at aU. 

Frequently sidelurch is not possible in bents, or at least is not free. 
Suppose we have an industrial building consisting of a series of bents 
carrying a roof and a crane runtvay. The crane is supposed to rest on 
one of these bents and to produce a side thrust at the crane girder level. 

But the roof is rigid in a horizontal plane, especially if it is of mono¬ 
lithic concrete. Hence this bent cannot lurch sideways by itself but 
must carry the neighboring bents with it. The columns carrying the 
crane thrust, then, are nearly fixed-ended beams. 

A transverse bent of a viaduct is analyzed for an uns3unmetrical load 
condition, iloment distribution indicates sidelurch. But if the via¬ 
duct is of reinforced concrete and the roadway is a concrete slab, this 
bent alone cannot lurch sideways without carrying neighboring bents 
with it. By computing the relative deflections of the top of the bent 
due to unit force acting there, assuming first that it is all carried by the 
bent and then assuming it all carried by the horizontal 
girder to neighboring bents, we can distribute the force 
producing sidelurch in proportion to the stiffness of 
the stress paths.^^* 

These remarks apply also to the effect of an eccentric 
crane load on a columnf or to the stresses produced by 
a jib crane acting on a column. In neither case is the 
bent free to lurch sideways, and if the roof is properly 
braced horizontally the loaded column is more nearly 
a fixed-ended beam than a member of a free bent. 

Another case of some interest occurs where sidesway 
seems indicated in a frame which is surrounded by 
earth — an unsymmetrical culvert, a so-called rigid-frame bridge, a sub¬ 
way. The sides of the structure are normally subjected to active earth 


Fig. 12. Column 
with Bracket 
Load. 


* A dangerous but convenient term. 

t It may be remarked here that much naive mathematics can be wasted on the 
problem of a reinforced-concrete column subjected to a bracket load (Fig. 12). If 
the colunm were of uniform section we could go through a mathematical analysis; 
but the bracket is usually quite large compared with the column, and if we want to 
be precise we should try to make some allowance for this. We know well enough 
that about half of the moment of the bracket is carried on each side of it unless the 
bracket is very near the top, in which case nearly all goes to the part of the column 
above the bracket. Some computations for such typical cases are worth while for the 
student; the remarks here refer to naive faith in the precision of analysis which 
neglects the enlargement of the column section at the bracket.. 
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pressure. If, owing to dissyinmetry in shape or loading, the frame 
tends to lurch sideways, passive earth pressure is brought into action. 
Of course, if the earth has shrunk aw^ay from the walls, w^e have no earth 
pressure. We must, then, consider the possibilities of no earth pressure, 
active earth pressure, some passive earth pressure in certain cases. 
Structures of this type need a great deal of thought for their design, 
and thought about the action of the structure is much more important 
than precision of analysis. Thus the analysis of a bridge of the type 
shovm in Fig. 13 as a free frame subject to vertical loads and to active 
earth pressure is incomplete. 

Of course, if all bents in a series lurch together, the lurch is free. 
This would result from wind pressure on a mill-building which had no 



Fig. 13. Rigid-frame Bridge. 


transverse bracing in the ends. If there is bracing in the ends, bents 
near the ends cannot lurch freely; if also the roof is very stiff, no bents 
can lurch freely. 

The stresses produced in a bent by horizontal forces are rarely worth 
very much precise analysis, but they are worth a good deal of thought, 
not for the bent itself so much as because study of the action of the 
structure leads to an understanding of the function of horizontal bracing. 

Arched Bents. Use of False Ties. Arched bents without tie rods 
are sometimes desirable, though they are obviously very poor arches. 
As explained above, the pressure line in such structures is quite sensitive 
to changes in the shape and dimensions of the structure. 

The design of the structure is largely controlled by the moments due 
to the vertical load, and it may be seen that for vertical loads the prob¬ 
lem is largely one of the design of a beam of varying section fixed at 
ends and loaded with a concentrated load. Thus, in Fig. 14 the arched 
bent may be thought of as a combination of the tied arch, which would 
have no bending in it, since rib-shortening is scarcely a factor in this 
problem, modified later by removal of the tie. Now the stress which 

would exist in the false tie rod is known, g ^ this may now be 
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applied as concentrated loads on opposite sides of the bent. The 
iiionic^ntSj thenj are those due to a concentrated load on a curbed beam 
fixed at ends. Xote that this curved beam is not an arch; there is no 
vertical shear at the crown. 


Uni form Looicf 


^Thts bent may te hohed afas- 



This does not clear up the problem entirely, since the exact analysis 
of such a beam by the column analogy involves the same computations 
as does the analysis of the original structure. It does, however, give a 
new light on the action of the structure and certain limits on the mo¬ 
ments produced. We know what the end moments would be if this 
beam were straight and of uniform section. 
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This conception ma}" be extended to a series of arched bents. See 
Fig. 15. Here the end column and arch do not act as a fixed-ended 
beam, and are not readily analyzed.^ However, it is easy to see the 
ineffectiveness of the arch series in carrying the unbalanced thrust at 
the end. This, of course, produces a large shear in the end column, 
though somewhat less than the unbalanced thrust. The general ineffi¬ 
ciency of the construction is evident. 

A construction similar to this and slightly more effective is shovm in 
Fig. 16 (a). If the girder is relatively quite stiff the points of inflection 
in the columns will be near their midpoints. We can in this case 
distribute the arch thrust bet’ween arch and columns in proportion to 
the force necessary to produce unit horizontal displacement. By the 


i ** if j'ff t..f iiiYririfiiyirrfrr'iffifyiff I 


\lVe may say 
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Th/s 


Fig. 15. Continuous Arched Bents — Use 
of False Tie. 
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Continuous Arched Shed 


(b) 



Fig. 16. Continuous Arched 
Frames. 


coliunn analogy this is 1/Iy. Note, however, that the arch is stretched 
twice as much as either column is deflected; we may allow for this by 
doubling its stiffness. 

7o for straight member of uniform section is 
value may be taken roughly s>s ^ ^ where I is the moment of inertia 

* Exact analysis of these structures involves the theory of continuous arches on very 
flexible piers. See Chapter IX. 
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at the crown. Unless the columns have abnormally large J values or 
the rise of the arch is very great, the arch will lose nearly all its thrust. 

If there are several arches in the series, as shown in Fig. 16 (6), the 
shear in the end columns is somewhat greater, the resistance to hori¬ 
zontal movement of the whole series of arches being less than in the 
case of one arch. 

The case is of courae not so bad where the arches are of high rise, as 
shot^m in Fig. 16 (c). 

C. Wind Stresses in Industrial Buildings 

Method of Analysis. In mill-buildings and low^ frame buildings such 
as garages and hangars the girders are commonly quite stiff in compari¬ 
son with the columns. If we treat the girder as infinitely stiff relative 
to the columns, the problem is much simplified. 

Let us lead up to the problem by considering a simple symmetrical 
two-legged bent. Fig. 17, exposed to wind. The end moments in the 
column are 1/12 Wh if we prevent sidesway of the girder. The thrust 
against the girder necessary to prevent such sidesway is evidently TF/2. 


WM 

Load 


^Assumed /nfmILsIy sfiff 



(o) 




Fig. 17. Wind Pressure — Rectangular Bent. 

Since there is no such force we must now subtract the moments which 

IWh Wh 

would be produced by it, or =^2 "^2 ~ ^ ~8~’ bottom of 

each column. The curve of moments in the columns, then, is that shown 
in (&). 

If the bent has three legs, is uns 3 unmetrical and has in addition a 
parapet or roof projecting above the girder, as shown in Fig. 18, then 
in column A, owing to fixed-end condition without sidesway, we have 
a curve of moments as shown in (a). The force to prevent sidesway is 
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i- TFa, and this produces 
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when removed, moments of 
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in column A, and in columns B and C moments proportional to their 
K values. The total curve of moments then is that shown in (6). 
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Now let us progress to a bent two stories in height but still having 
girders so stiff that we may neglect their flexure. We may proceed as 
shown in Fig. 19. 

Now consider the common mill-building type of Fig. 20. This may 
be analyzed by successive steps as indicated in the figure. We first 
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introduce a false member x across the gap and transform the problem 
into that of a two-story bent, and then after finding the stress in x we 
remove it and correct for the removal. 

This introduces a new element in the problem. Here the load x is 
distributed to the members a, b and c in the ratio of their K/h^ values, 
since the deflections of the ends are the same but the lengths are different. 
Fig. 21 shows numerical values 
for such a case. 

We may use the same method 
in analyzing for wind stresses 
a structure such as that shot\m 
in Fig. 22. 

The same method may be 
used in analyzing for stresses 
due to crane thrusts, for those due to the moments produced by jib 
cranes or by cantilever balconies or canopies, if we are satisfied that 
sides way is possible; in any case it lends itself readily to estimates of the 
restraining action of roofs or of horizontal bracing. It depends for its 
validity upon the assumption of infinite stiffness in the girders or roof 
trusses. In general, if the I/L of the girder is more than five times 
that of the column, we may neglect the flexure of the girder. 

Distribution of Shears to Members “ in Series ” and “ in Parallel.’^ 
In most cases, where the total shear is known, it is to be distributed to 





Fig. 22. Mill Building with Side Aisles. 
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Fig. 23. Distribution of Shears. 


the columns so that the relative horizontal deflections of the ends of all 
columns is the same. The columns may be said to be “ in parallel,” 
to borrow a term from electrical engineering. Where several columns 
act together so that their deflections are added to each other, however, 
we may say that they are in series,” 


The deflection of a column fixed at ends varies as 


BV 

El 


= E 


1 

K/I?^ 


Where the columns are in parallel, the relative deflection between top 
and bottom is the same in all columns and H ^ {K/D). Thus in 
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Fig. 23 (a), the shear is distributed between the columns so that 


Ha = P 


La^ 


K-a . Kj . Kc 

T} "*■ Li= ^ w 


In Fig. 23 (6), the columns b and cd are in series and this group is in 
parallel -Rith a. The deflection at the top of a varies as Ha a ' 
The deflection of the top of b relative to the bottom of b is proportional 
to Hi y, The deflection at the top of c relative to the bottom of c 

Aj_ Li~ 

is proportional to He -vrvri* ^ ^ ™ parallel 

Ac < LicT 

He = Hi -^—" -^ 


Hence Total A at top of a « 


Total A at top of 6 « 


If we call the deflection due to unit shear the flexibility, we may state 
that 

(1) The flexibility of a single column is measured by U/I or by 1?! K. 

(2) The flexibility of a group of columns in parallel is the reciprocal 

of the sum of the reciprocals of the flexibilities of the constituent 
columns. In other words, we compound the flexibilities. 

(3) The flexibility of a series is the sum of the flexibilities of its con¬ 

stituent parts. 

(4) Where a shear is to be divided between several paths, the dis¬ 

tribution is inversely proportional to the flexibilities of the 
paths. 

It is desired to distribute the shear of 100*^ among the columns in 
Fig. 24 on the assumption that -the girders are infinitely stiff. The 
steps to be taken are probably clear enough. 

(1) Compute flexibility of each column. 

(2) Compound flexibilities of columns c and d. 
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(3) Add flexibilities of h and cd. 

(4) Distribute shear in inverse proportion to flexibilities a and bed. 

(5) Distribute shear in bed between c and d inversely as their flexi¬ 

bilities. 
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Fig. 24. Distribution of Shears. 


Another illustrative problem, Fig. 25, may be worth outlining. 
The paths are more complicated in this case, but the same principles 
may be applied. 



To distribute the shear P: 

(1) Compound flexibilities dbc and 

(2) Compound flexibilities de and hi, ^ 

(3) Add flexibilities / and de and ahe and also add flexibilities g and 

hi and hlmn. 
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(4) Distribute shear P to f—de~abc and to g-hi klmn inversely as the 

total flexibilities just found. 

(5) Distribute the shears just found between d and e and between a 

and b and e. 

(6) Distribute similarly on the right side. 

If in such a case there are transverse loads at each floor level, the de¬ 
duce of using false members may be used if the structure is S 3 niimetrical 5 
otherwise this method leads to some difficulties when the false member 
is removed. Suppose in the case just given it is desired to distribute a 
load at a lower floor level such as P' in Fig. 25. 

As before, abc are in parallel, as are also de and hi and klmn. In dis¬ 
tributing P^ the paths nhc, def and g are in series; also the paths hi and 
klmn are in series. Compute the total flexibilities of these two paths by 
addition, distribute F' between them and then distribute the constituent 
parts of P' between the paths which are in parallel. 

Stepped Columns. Where the column is stepped out to give support 
to a bridge crane, the moment of inertia varies and a special analysis 
is needed to determine the end moments and the other constants needed. 
This is most conveniently done by use of the column analogy. 

Otherwise the method follows exactly the procedure previously out¬ 
lined. We draw the curve of moments as a fixed-ended beam, find the 
reaction at the top of the column, distribute this reaction as shear to 
all the columns and draw^ the curves of moments produced by this shear. 

The problem of the stepped column is more common in steel mill- 
buildings than in concrete frames. 

D. Wind Stresses in Multi-story Buildings 

The problem of the stresses produced in high buildings by wind has 
long occupied the attention of engineers in the case of buildings of steel, 
and the increase in height of buildings built of reinforced concrete has 
in recent years extended the problem to this field. Anyone who has 
given any thought to the subject knows that these structures are highly 
indeterminate. The chief function of the present discussion is to con¬ 
sider the problem in indeterminate structures involved. The problems 
of what wind pressures should be provided for and of how they would 
best be provided for are more important; no attempt is made here 
to discuss them. 

In general, the problem of wind stresses in high buildings differs from 
that discussed in the previous section in the relative stiffness of the gird¬ 
ers and columns; in low industrial buildings, the girders are normally 
stiff and the columns light and flexible, whereas in high buildings for 
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office or resident use^ the relative stiffness of the girders is not in general 
much greater than that of the columns and may even be less than that 
of the large columns in the lower stories. 

Let us summarize here what is at once etident or easily ascertained 
with reference to the problem. 

(1) If the girders were very stiff compared with the columns, and the 

relative deflection of the two ends is the same in all columns, the 
shears in any story would be distributed among the columns in 
proportion to their I values, and in all columns the point of 
inflection would be at the midpoint. 

(2) If the girders have no stiffness the columns cannot carry any 

shear (because they cannot have end moments) and if this is 
true of all girders, the building vnll collapse under wind pres¬ 
sure. 

(3) Actually, walls and partitions act to some extent as girders, 

though they are not designed to do so and are therefore not 
very dependable for this purpose. 

(4) If the floor is of stiff construction, as is a floor of reinforced con¬ 

crete, the relative deflection of the two ends of all colunms is 
the same if the building is symmetrical, and the difference of 
the relative deflections in the columns in other cases varies 
as the distance along the floor to each column from some center 
of rotation. 

(5) Since the flexure of the girders as well as that of the columns is an 

element in the problem, wall columns or other columns which 
are connected to only one girder Tvould be expected to carry less 
shear than do interior columns which are connected to two 
girders. 

(6) A column carries less shear if it is itself flexible or if it is con¬ 

nected to a flexible girder. 

(7) The point of inflection in any column tends to move toward the 

end connected to the weaker girder. 

Approximate Analysis. An approximate analysis in common use 
which commends itself is based on the following assumptions: 

(a) Points of inflection are at midpoints in all members. 

(b) Wall columns take half as much shear as do interior columns. 

From these assumptions all moments and shears may be computed by 
statics. 

Fig. 26 shows the analysis of all forces at the fourth floor of a building. 
(1) The shears in the columns above and below this floor are first found 
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by dmding the total shear at the middle of the story among the 
columns according to assumption (6) above. 

(2) The shear in any column times the half story height gives the 

moment in the column at the center line of girder by assump¬ 
tion (a). 

(3) The wall end of the end girder carries a moment equal to the sum 

of the moments in the connecting columns. 

(4) The moment at the inner end of this girder is the same as at the 

outer end by assumption (a). We then know three of the four 
moments at and the moment in the other girder follows by 
subtraction to balance the joint. 

(5) The shears in the girders then follow as the moment at one end 

divided by the half span. 

(6) These shears are increments of column load; knowing the relative 

values of the column loads we can find, from the total moment 
of the wind pressure about the midpoint of any story, the direct 
load due to wind on any column. 

(7) By adding the differences of the shears in the columns above and 

below any floor, beginning at the leeward side, we can find the 
thrust in any girder (a value of no importance for design). 

The numbers in circles on the diagram show the order in which the 
steps are taken as listed above. 

It will be noted that, if the spans are equal, there is no direct load on 
any of the interior columns. If the spans are unequal, we find direct 
loads on the interior columns by this method, their directions and 
values depending on the relative span lengths. Thus in the above case, 
for spans of 15' — 30' — 15', we get girder shears and column incre¬ 
ments as shown in Fig. 26 (6). If x is the load on the outer columns at 

X 

any mid-story the moment is 60a: — 30 2 = 45a:; we may find the load 

on the outer columns by dividing by 45 instead of 60. 

In Fig. 26 (c), for spans of 22'.5 — 15' — 22'.5, the moment, due to 

X 

a load X on the outer columns, is 60a; + 15 ^ = 67,5x; we may find 

the load on the outer columns by dividing by 67.5. 

Understand that these relations result merely from carrying through 
logically an approximate method; they are not correct, though the dis¬ 
crepancies are probably not very important. 

Function of Wind Bracing. Wind bracing in buildings has three 
functions: 

(a) The reduction of the amount of vibration produced by gusts of 
wind. Very little work has been done in this field. Some high build- 
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ingSj however, are said to be subject to sensible •vdbration from wind, to 
the annoyance of tenants. But we know very little about the psy¬ 
chology d such anno 3 ’ance. ^Moreover, for obvious reasons, owners 
do not favor investigations on their buildings and such data as are ob¬ 
tained are rarely available for publication. 

It does not seem probable that the \ibration of a building is necessarily 
a sign of danger; but such vibration is ob\dousIy objectionable. Vi¬ 
bration is best checked by the use of deep members and by a general 
distribution of the bracing throughout the building. Probably the 
amount of reinforcing steel used has comparatively little to do with it, 
and exact analyses made with a view to placing reinforcing steel are 
not very important from the \iewpoint of vibration. 

(6) The prevention of local cracking of the building. Here also 
vibration doubtless plays a large part. So also, however, does local 
ov’^erstress. Attempts to determine accurately the proper amount of 
reinforcing steel are more significant here. More important still is 
attention to details, especially to proper anchorage of bars. 

(c) The prevention of collapse of the structure. Here again exact 
analyses are probably not especially important. Adequate provision 
must be made for total resistance to wind, but in a structure in which 
all deformations are as intimately related as are those in any one story 
of a building frame subject to wind pressure, the yielding of one part 
tends at once to a general redistribution of stress relieving the over¬ 
loaded part. Such redistribution becomes very important before col¬ 
lapse occurs. 

More Exact Studies. The laws of statics teU us a good deal in these 
problems; usually they tell us all that we really need to know in order 

to design the structure safely. In any 
given story the total shear is the total 
wind pressure above that story, which 
is assumed to be known. The sum of 
T all bending moments at the top and at 
^ the bottom of all columns is, then, this 
shear multiplied by the height of the 
story. We may say, then, that the total 
moment in the story Hh is distributed 
in some way to the ends of the columns. 
If the moments at the ends of the 
columns are known, the total moment in the girders at any joint is 
known, and this moment is distributed in some way between the girders 
meeting at that joint. After the moments at the ends of the columns 
and at the ends of the beams are known, all other quantities — the 
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shears in each column, the shears in the girders, the thrusts in the girders, 
the direct load on the columns — ma.y be determined from statics, as 
shown above. 

The first problem, then, is to determine the proper distribution to the 
ends of the columns of the total moment in any one story. We can 
write a rational expression for this, even though it is difficult to apply. 

Consider the column and girder showm by heavy lines. Fig. 27, as a 
part of the building frame showm. The deflection of point A horizon¬ 
tally with reference to point B is the result of flexure in the column and 
of rotation of the end of the column where it is connected to the girder. 
The deflection of the point A from the tangent at B may be written 



The rotation of the end of the girder at B may be written 



which produces at A a further deflection 



The total deflection at A with reference to B, then, is 


where 





and 


C" 


M/ 

M, 


These constants depend on the location of the points of contraflexure in 
column and in girder. 

Normally the moment is nearly the same at the two ends of any column 
and at the two ends of any girder. Hence C' and C'' are both approxi¬ 
mately equal to 1. The wall end of a girder takes the moment from two 
columns, whereas the interior girder takes a moment more nearly equal 
to that in one column. Approximately, then, for a wall column Mg/Mc 
— 2 and for an interior column Mg/Mc = 1. 

If, further, we assume that the stiffness of the girder is the same as 
that of the column, so that Ic/h = Ig/L, we see that a wall column would 
carry two-thirds as much shear as an interior column. The assumption 
made in the approximate analysis indicated above is that the wall col¬ 
umn carries half as much shear as does an interior column. 

The relations derived above are entirely rational, but beg the question. 
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Xevertheless they show that Kc and K. are equally important factors in 
the distribution of the total moment in the story. The larger moments 
go to the larger columns and to the columns connected to stiff girders. 
The sum of the end moments in two columns at a joint is distributed 


to the girders in proportion to 


2 -^ 


7 , which again begs the question, 


since we do not know Mg Mg^ and yet throws some light on it. Roughly 
the moments are proportional to the stiffness of the girders; but the 
correction factor for point of inflection may be more important than K. 
Of course, \^ith known column moments, the girders may be analyzed 
as continuous girders. 

It is well to distinguish the problem of wind stresses in tall buildings 
from the problem of stresses due to wind and other horizontal forces in 
low structures of quite irregular framing. In the former case the points 
of inflection do not usually depart very far from the midpoints of the 
columns and of the girders, and the moments in the columns are dis¬ 
tributed nearly equally to the connecting girders. The necessary cor¬ 
rections are, then, usually small and negligible. Low structures such 
as bents, mill-buildings, hangars are especially characterized by the 
relatively great stiffness of the girders as compared with the columns. 
The analysis of these structures has been discussed above. 

Mezzanine Floors. Where mezzanine floors occur in buildings (Fig. 
28), the principle used in shear distribution no longer holds, since the 



Fig. 28. Mezzanine Floors in Buildings — Use of False Struts, 


deflections of the columns are not alike on the two sides of the aisle. 
In such cases we may add two imaginary hinged girders as shown dotted 
in Fig. 28 (6), determine the thrust in these and then neutralize this 
thrust by opposite forces. Consideration of one case, however, will 
show that the problem can rarely be very important. By symmetry the 
compression in such imaginary girders is half the panel load. Since 
no such compression exists, there being no such girders, it must be 
neutralized in order to effect a correct solution. Hence we should add 
the stresses due to the condition of loading shown in Fig. 28 (c). We 
can estimate the effect well enough by assuming the shear of x on the 
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columns on each side in the stories above, and below, the mezzanines 
added or subtracted according to the position of the story. 

In general we can add these imaginary girders and neglect the effect 
of mezzanines without much error. 

The “ Exact ” Methods are not Exact Apparently, no exact 
solution of wind stresses has been published, and the use of the terms 
“exact/^ “theoretical,’^ “precise” in this connection is further abuse 
of these much misused w^ords. In the first place, all solutions which 
have been made in the interest of exactness have assumed uniform 
sections for the members to the center of their intersection with other 
members. The limitations of flexure in the brackets if included in a 
mathematical solution — and there is not much additional difficulty in 
including them — would affect the results appreciably. 

More important stUl, exact solutions are apparently impossible. 
There does not appear to be any way to determine the stress conditions 
due to wind, either by analysis or by ex¬ 
periment, because they depend so much 
on chance. We can, however, form some 
idea of the worst set of conditions and 
provide for it. But this wmrst set of con¬ 
ditions is not always represented by the 
usual '' exact ” analyses. The maximum 
wind stresses in columns may occur not 
when no waU panels act to relieve the col¬ 
umns but when certain panels act and 29. Combination of Rigid 

certain panels do not act. This condition and Flexible Partitions in 
may be a result of accident in construe- Budding Frame, 
tion or of alterations or of failure in a 

severe wind. Thus, in Fig. 29, if all neighboring wall panels fail or are 
ineffective except the one shown shaded, columns A and B will carry 
more than their normal share of the shear because they are connected 
to a very stiff girder (the solid wall panel) and wUl further have their 
maximum moments increased by movement of the points of inflection 
away from this wall panel and toward the more flexible girders at their 
lower ends. 

It does not appear, however, that any such accidental combination of 
wall panels which act, with those which do not act can very much in¬ 
crease the girder moments. These girder moments are, however, the 
more important, since a much larger percentage of the total stress is 
due to wind in the girders than in the columns. 

Exact Analysis by Shear Adjustment. “ Exact ” analyses of the 
problem of the moments produced in frameworks by horizontal forces 
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is perfectly practicable, if by “ exact ' we mean a solution matbematic- 
ally consistent with certain assumptions as to phj’sical properties. 
must, of course, assume relative values for the moments of inertia; 
we must define the interaction of the different parts which make up the 
framework, such as brick or tile or concrete walls and structural frame¬ 
work. 

Such an analysis may be made by the following formal procedure: 
Consider the structure shown in Fig. 30, subjected to the horizontal 
forces P’ and P". Assume that all joints are held against rotation but 

that there are relative horizontal dis¬ 
placements of the different floors due to 
certain assumed shears in the stories. 

Compute the fiLxed-end moments in all 
columns for these shears; distribute them. 
From the moments finally determined 
after distribution, find the shears in each 
story. Assume as many different combi¬ 
nations of horizontal displacements as 
there are degrees of freedom of horizontal 
movement, and for each combination de¬ 
termine a set of shears corresponding to a 
given set of moments. In the case shown we then have two sets of 
moments corresponding to two sets of shears in the stories. Call these 
sets A and B. We now know that moments A correspond to shears 

Hf in the first story 
J? 2 ® in the second story, • 

and that moments B correspond to shears 

in the first story 
Hj" in the second story. 

But the true shears are known, and we must combine these sets of mo¬ 
ments so as to give the true shears. Therefore write 

zHx^ -h = P' -f P" 
xHf -h 2/^2* = P' 

Find X and y. 

The true moments are xMa + yMt in any member. 

Exact Analysis of Wind Stresses. A much more convenient method 
of analysis is explained below. Keep in mind the controlling conditions. 
Statics requires that the total shear in all columns of any story equal the 
known shear produced by the wind in that story and that the moments 
balance at any joint. Continuity requires that the deflection be the 
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same in all columns of a story unless there is torsion of the building frame 
as discussed later, and that the same rotation occur at the ends of all 
members meeting at a joint. 

At any joint of the frame the moments due to rotation are proportional 
to KjC (see page 117) for the members connecting at that joint. In 
any story the column moments produced by relative displacement of 
the two floors bounding that story, without rotation of joints, are equal 
to the shears in these columns times half the story height, and the 
shears are proportional to K/Lr for equal deflections or proportional 
to J or X where L is the same for all columns. 

The moments in the girders are produced only by the joint rotations; 
but the moments in the columns are a result partly of rotations, partly 
of displacements. The total of the end moments in the columns, how¬ 
ever, is always equal to the total shear in the story multiplied by the 
story height. 

We may start by assuming no moments in the girders and hence no 
rotations of the joints, write end moments in the columns corresponding 
to the total shear and proportional to K/L-, Now distribute the un¬ 
balanced moments and carry over as usual. The total column moments 
will no longer account for the total story shear, and additional end mo¬ 
ments should be thrown into the columns to balance the story shear. 
Distribute and carry over moments again, again adjust the shears and 
continue to any desired accuracy. 

The labor of computation can be much reduced by assuming that 
rotationspf the joints take place at the same time that relative displace¬ 
ment of the floors occurs. It is convenient to make these rotations the 
same at all joints. In this way it is possible to nearly balance most of 
the joints before any distribution of unbalanced moments is made. 
Hence it is possible to guess at a solution of the problem and then 
proceed to revise this guess, a very valuable characteristic of any method 
of analysis. 

For simplicity consider the case in which aU joint rotations are assumed 
the same in value and in sign. If the members are of ujftiform section, 
this will produce at the ends of the members moments proportional to 
the I/L values with points of inflection at midpoints. We may now 
produce such* differences of displacements of the floors, without further 
joint rotations, as will give the total story moment at the ends of the 
columns. The points of inflection are at midpoints for these displace¬ 
ments also. It is not then necessary to compute the moments in the 
columns due to the rotations, because those due to the displacements 
may have any desired values and the total is determined by the total 
story moment. 
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Ifj then, all joints in the frame may be rotated (no joints are fixed) 
we may begin our anal^’sis with end moments in the columns to supply 
the necessary story moments and with arbitrary balancing moments 
at the ends of the girders proportional to the I/L value of the girders. 

From this point w^e proceed to distribute unbalanced moments and 
to carry over. Xorr adjust the end moments in the columns to main¬ 
tain the total story moments and add arbitrarily end moments in the 
girders proportional to their I:L values. The process may be repeated 
to any degree of precision. 

Fig. 31 shows the analysis by the above method of the lower stories 
of a 20-story, three-aisle building.* We first write the fixed-end mo¬ 
ments in the columns to balance the shears, then add arbitrary girder 
moments proportional to the K values of the girders and of such value 
as to approximately balance the column moments. In this case the 
girder moments have been taken, for convenience, equal numerically 
to K/2, 

Since the bases of the columns in the lowest story are fixed and cannot 
have the rotation arbitrarily assigned to the other joints, it is necessary 
to compute the end moments in these columns due to rotations of the 
joints at the tops by modifying their K values. The value 1/C is 3/2 
for members with equal and opposite end rotations and 1 for members 
fixed at the far end. If then by rotation of the joints at the ends of 
girder AB{IIL = 30.5) we produce end moments of —15.2, this same 
rotation will produce in these columns (//L = 25.8) end moments pro- 

25 8 

portional to the K/C values of column and girder, or gp 5 ^ i 15.2 = 

8.6 at the top and half as much, 4.3 at the bottom. Then add fixed- 
end moments in these columns to provide the desired story moments, as 
shown in the figure. This gives a total moment of (12.9 X 2) -|- 84.8 
which must be supplied in these columns by displacement of the floor, 
one-fourth of which goes to each end of each column. 

In this case only one distribution is needed. Only the moments car¬ 
ried over are'shown, the final distribution being made at the end. The 
moments lost in the columns by distribution which should be added 
to adjust for shears, are the distributed moments plus the moments 
carried over, or three times the sum of the moments carried over. 
Hence we adjust the shears by adding at the ends of the columns mo¬ 
ments of which the total equals three times the sum of moments carried 
over in the columns and winch are proportional to the K values for the 
columns. 

* The data for the figure are taken from “Wind Stresses in the Steel Frames of 
OflSce Buildings,” Wilson and Maney, Bui. 80, Univ. Ill., Eng. Exp. Sta. 
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Fig. 31. ‘‘Exact'’ Analysis of Wind Stresses — Shear and Moment Distribution. 
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The convention of signs for statical moments is used throughout. 
The moment carried over then is of opposite sign to the unbalanced 
moment at a joint, and the unbalanced moment at a joint equals the 
algebraic sum of all moments at the joint. Otherwise the signs used 
have no significance, since the wind may blow in either direction. 

Too great significance should not be attached to the rapid convergence 
of values in this case. The building is perfectly regular, and great 
variation from the values given by approximate analysis is scarcely 
possible. 

Any analysis of wind frames by this method may be checked by 
assuming in the first place the total fixed-end moments which have 
been throvm into the columns during the analysis, and no moments in 
the girders. Now proceed in routine fashion with moment distribution. 
If, in the end, the moments are as previously found, the solution is 
correct, for we have balanced joints and preserved continuity throughout^ 
and the shears will also balance. 

Details of Computation—Pig. 31. The actual numerical calculations 
are indicated in detail on the figure. The procedure is as follows: 

(1) First write the wind load at each floor. In this case 30 lb. per 
sq. ft. was assumed on a 1-ft. vertical strip of w^all surface. At the first 
floor, the height of this strip to mid-story above and below is 19 ft. 
and TT = 19 X 30 = 0.57^. The other wind loads follow in like man¬ 
ner and the shears by addition from above. Write the story moments 
by multiplying the shear at midpoint of story by the story height. In 
the first story 

M = 7.71 X 11 = 84.8^' 

to be taken by columns on one side of the center line of the building. 

(2) Write the relative ir( == I/L) values on girders and columns and the 

values at the joints. At the A column joint on the fourth 

floor: 

For the upper column ^ 

The other distribution factors at that joint are 0.420 in the lower 
column and 0.232 in the girder. 

(3) Write the fixed-end moments in the columns necessary to balance 
the shears. In the fifth story the total moment is 41.0*'' to be distrib¬ 
uted between two columns in proportion to their K values, -t-10.1 
going to the A colmnn and -f-10.4 to the B colu m n. In the fourth 
story the moment in the A column is -t-11.0 and in the B column prac¬ 
tically the same. The distribution in the lower story is treated 
separately. 
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In all cases the fixed-end moments in the girders are written arbi¬ 
trarily for convenience as equal numerically to the Kj2 value of the 
girder. Thus 19.5/2 = —9.7 in the outside bay at the fourth floor and 
—26.2/2 = —13.1 in the center bay. 

(4) Distribute the unbalanced moments at each joint, but for con¬ 
venience write only the portion carried over to the other end of the ro¬ 
tating member. Moments are carried to joint A on the fourth floor by 
the rotation of joint A on the third floor, by joint A on the fifth floor 
and by joint B on the fourth floor. The carry-over ratio is 1/2 the 
value of K/ K) at the rotating end. In the order mentioned, these 
are 0.192, 0.174 (the fifth floor is assumed the same as the fourth floor 
as an approximation in this case) and 0.087, giving as carry-over mo¬ 
ments at joint A —2.3 and —2.0 in the columns and +0.1 in the girder. 
The carry-over moments at the other joints follow in like manner, 
except in the lowest story, which is treated separately. 

(5) Adjust the column moments for the unbalanced story shear due 
to the previous distribution. These are three times the total carry¬ 
over moment in any story, and since the K values of the columns in 
any story are so nearly equal, approximately one-fourth of this total, 
of opposite sign, goes to each column. In the fourth story the adjust¬ 
ing moment at each end of each column is accordingly +3.2 and in the 
fifth story approximately +2.7 (assuming in this case fifth-floor mo¬ 
ments the same as those at the fourth floor). 

Adjusting moments in the girders are added arbitrarily, so long as 
they are proportional to the relative K values of the girders — in this 
case 1/10 K numerically is about right, giving at the fourth floor —2.0 
in the end bay and —2.6 in the center bay. 

(6) Neglecting further adjustment, we now add all moments at the 
joints, distribute, and find total moments. 

(7) The lower-story columns are fixed-ended, and the distribution of 
moments is best treated separately as explained in the text above and 
as shown on the diagram.* 

* From the method shown here it is easy to proceed to the general theory of arbi¬ 
trary deformations as applied to building frames. If we can make a fair approxima¬ 
tion of the values of the end moments in the girders, we can set up from these a set of 
moments throughout the frame which satisfies continuity and which also provides 
the required shear in each story. 

Moments in the girders are due entirely to rotation of the joints. If then we are 

Ma— kMb 

given the end moments we can compute the end rotations as proportional to-^- 

This may require some juggling of the 4 > values on any one floor, since the girder must 
remain continuous, but there is no objection to this since we are only seeking an 
approximate set of values consistent with continuity. 

We now have values for the rotations at the ends of the columns and from these 



234 


RIGID FRAMES 


Deflectioa of Building Frames. The deflection of building frames is 
due in part to the flexure of the columns and in part to the flexure of the 
girders. One of the most valuable features of the method of analysis 
indicated above is that the total fixed-end moments thrown into any 
column during the anal^’sis is a measure of the deflection in that story. 

Thus, considering the building shoum in Fig. 31, in the second story 
we throw into the wall column at each end, 

I 35.6 = 17.8 due to rotation of joint (not shown in the figure) 

14.3 1 

4.8 r to adjust the shears. 

i 

If there were no rotation of the joints due to flexure of the girders, this 
moment would be 14.3. Hence 

14 3 

= 39% of the deflection is due to the column flexure 

od.9 

61% of the deflection is due to the girder flexure. 

m% 

The total deflection in this story is 

1 ML^ ^ 1 ML 
^ El Q EK 


where M = 36.9 foot-kips. 

In this case the girders are the element contributing most to deflec¬ 
tion. That this is usually the case is an important consideration in 
discussing vibrations produced by wind. 

Earthquake Stresses. Stresses produced by earthquakes are usually 
computed as if produced by an assumed wind pressure, a given percent¬ 
age of the mass of each floor being assumed to act in a horizontal direc- 

we can compute the moments in the columns due to rotation as 4:/3K{4)a + l/2<pb)‘ 
Now add column moments as required to provide the known shears in each story. 
We can then see to what extent each joint is unbalanced and, if greater accuracy is 
desired, we may either: 

(а) Proceed to an exact solution by successive balancing of moments and of shears. 

(б) Revise our estimate of the girder moments to secure a better balance of joints. 
If the joints are badly unbalanced we should try to revise the balance (6) before 

using successive approximation (a). 

The method of arbitrary deformations just outlined is perhaps not worth while 
except in very irregular cases. It has great value, however, in training the judgment 
as to the approximate values of the moments due to wind. 
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tion. This results, however, in an important difference in the stresses 
produced by wind and those found for earthquakes, because in the case 
of wind the stresses decrease as the number of columns in a tier increases, 
but the stresses due to earthquake are nearly independent of the number 
of aisles in the building. 

This treatment of earthquake forces is certainly inadequate since the 
acceleration is obviously not the same at all floors at any given instant. 
The theory of structural mechanics is quite adequate to a solution of 
the problem when, if ever, any dependable data are available as to the 
accelerations at the foundations. 

Torsion in Building Frames Due to Wind. If a building is unsym- 
metrical about the line of action of the wind, it will presumably twist 
somewhat under the wind load. If we can determine the relative hori¬ 
zontal deflection of two ends of a column for a unit shear in that column, 
it is nearly* mathematically correct to treat the reciprocals of these 
deflections as if they were beam fibers acting on center lines of columns. 

Let S be the relative stiffness of any column as measured by the 
reciprocal of horizontal deflection just explained. 

Also let 

H be the shear in any column. 

W the total wind shear. 

c the distance normal to the direction of the wind from the center 
of any column to the centroid of the S values. 

Wd the moment of wind pressure about this centroid. 


Then 


H = S 


[W ,Wdcl 


which corresponds to the common formula 

/ = ^ ± ^ for beams.f 


Secondary Effects of Vertical Distortion of Colunms. All approxi¬ 
mate analyses, such as the method presented above, and all exact 
analyses that have been published neglect wholly the secondary effects 

* This assumes no distortion of the floor in plan, which must be nearly correct if 
it is of concrete. The expression given is correct, then, if we neglect the torsional 
moment of the shears produced in the columns in a direction normal to that of the 
wind. 

t Or we may measure c radially and use the polar value of /. The refinement is 
probably not justified. An exact solution may, of course, be made by the procedure 
indicated above. 
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of the vertical distortion of the columns. Thus, in the approximate 
analysis indicated above, the direct load due to wind vill be zero in 
all interior columns. The wall columns, then, will lengthen on the 
vdndward side and will shorten on the leeward side, whereas the ad¬ 
jacent interior columns will not change in length. This means that 
all girders connecting these columns are bent by this differential elonga¬ 
tion, which may theoretically amount, in very high buildings, to 1/4 in. 
or more at the roof level. 

It is well to recognize this fact. Of course, any attempt to determine 
the stresses produced encounters the difficulties attaching always to 
determination of stress in beams of reinforced concrete for given dis¬ 
tortions. If one can overlook these, the stresses in the girders of the 
upper floors may be determined. Note, however, that these stresses 
are not great in the lower stories where the primary stresses due to wind 
are large. Of course, stress in the upper girders transfers some direct 

wind load from one row of col¬ 
umns to another, but the amount 
thus transferred is not large. 

Vierendeel Girders. Bridge 
structures of the type shown in 
Fig. 32 (a) have been built to a 
considerable extent in Belgium 
and in the Belgian Congo. 
They have also been used else¬ 
where in Europe. Such frames 
are known as quadrangular 
girders, open-web girders or 
trusses, or Vierendeel girders, 
after Professor Vierendeel, of 
the University of Louvain. 

Economy and rigidity are 
claimed for these structures 
when built in steel. Any econ¬ 
omy that has been realized in 
such cases seems to be based on 
the practice of increasing the 
allowable stress over that used 
for primary stresses in ordinary steel trusses on the ground that the 
ordinary truss has secondary stresses in addition to the primary stresses. 
However, most bridge engineers in Aunerica would hesitate to consider 
the secondary stresses in an ordinary riveted truss of importance equal 
to the primary bending stresses in a Vierendeel truss. 
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The term rigidity ” represents a property which is ill defined but is 
usually represented as very desirable. If deflection is meant, it seems 
evident that the Vierendeel girder is much less rigid. As regards the 
types of vibration of the two structures, no comparative dynamic 
analyses are available, although such comparisons are possible. 

The problem of stress analysis in the Vierendeel girder with parallel 
chords is quite similar to that for wind stresses. The methods explained 
above are available, either for approximate or for exact analysis. 

If the upper chord is polygonal, approximate analyses are still con¬ 
venient. The technique of exact analysis differs slightly, however, 



because the quadrangles are no longer rectangular, and hence deforma¬ 
tion in one direction only for shear adjustments is not possible. We 
must then study for each panel which is not rectangular the geometry of 
deformation and the statics of shear. The problem is very interesting 
but does not seem of enough importance to warrant a full discussion. 
To one fully familiar with the geometry of deformation the problem 
need not be very difficult. 

Fig. 32 shows possible applications of the Vierendeel truss. In the 
figure, (a) is the type commonly used for bridges and (6) and (c) show 
types which have possible applications in building construction. 
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Fig. 33 shows the analysis of a Vierendeel truss for s:^Tnmetrical 
loading. Assume some fixed-end moment in the lower chord produced 
by the deformation shoum by the dotted lines. Compute the corre¬ 
sponding fixed-end moment in other members; distribute. Compute 
the shear in the end panel; in this problem this shear has been found by 
a simple and reasonably obtious graphical construction. The mo¬ 
ments due to the given loads may now be found by proportion. Shears 
and thrusts follow by statics. 

In the calculations shown, only the moments carried over are written 
each time. These are then added to the original fixed-end moments, 
and the total unbalanced moment is distributed at the end of the 
solution. 


E. Secondary Stresses in Trusses 

Trusses of Reinforced Concrete. Trusses are sometimes built of 
reinforced concrete. In such structures what are commonly called 
secondary stresses in the case of riveted steel trusses usually become 
important. The analysis for these secondary stresses furnishes an 
excellent illustration of the determination of the effect of axial stresses 
change of shape of the structure — upon bending stresses. 

The method of moment distribution gives an especially illuminating 
picture of the origin and nature of such stresses. The primary (axial) 
stresses in the members of the truss produce relative transverse dis¬ 
placements of the ends of the members. If, during the deflection, the 
joints of the truss were held so that they could not rotate, these trans¬ 
verse displacements would set up fixed-end moments in the members. 
These end moments at each joint may then be adjusted by moment 
distribution to provide for the release of the joints. We thus get the 
end moments in the members due to the deflection of the truss, and from 
these the secondary stresses may be found. 

The indicated order of procedure may be summarized as follows: 

(a) Determine relative transverse displacements in members due to 

deflections resulting from primary stresses. 

(b) Compute fixed-end moments thus produced. 

(c) Distribute unbalanced fixed-end moments. 

(d) Compute secondary stresses from total end moments. 

Computation of Transverse Displacements. The transverse dis¬ 
placements of the ends of the members may be taken from a Williot 
diagram or they may be computed from formulas. The construction 
of the WiUiot diagram is explained in most text-books on steel design. 

Note that in this case the Mohr rotation diagram is not needed; it is 
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the relative displacement of panel points at opposite ends of the members 
that is wanted and not the absolute displacement of these points. 

It is about as rapid to get all angle changes from the following general 
formula, easily deduced from geometry:* 

Ela = [afa - {abfb + 



Fig. 34. Secondary Stresses — Angle Change in a Triangle. 


* Apply at A and C, Fig. 34, the elements of a unit couple, causing reactions such 
as to hold AB fixed in direction. Tension and increase of angle are taken as positive. 
Then, by the principle of virtual work, page 77: 

Aa = J^Su = 


where / is the average existing unit stress on the gross section of the member of 
length L, 

u is the unit stress in the member set up by the imaginary unit couple. 
Resolving the forces at joints B and C: 



1 ^ ^ 
hr c r 




- f ^ 


. ab . ^ 


where E is the modulus of elasticity. 

/a, fb, fc are axial unit stresses in the corresponding members a, 6, c. 


When all the angle changes are known, the angular rotations of all members may 
be found by addition with reference to any one member considered as fixed. 

Similar relations are easily written for the angle changes that occur in the quadri¬ 
lateral of a subdivided truss or the four-segment triangle of a Ji-truss. 
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Fixed-end Moments. Signs for Secondary Stresses. By the column 
analogy, relative transverse displacement of the ends of a bar, w hen the 
end joints are held against rotation, may be considered as a moment 
about a centroidal axis on the analogous column. Then, referring to 
Fig, 35 

Ma ^ -f- Xa = Y ^ 

Iq io 

Mh = T ^ T ^ 
i 0 0 

If the section is constant, these values become 

L 

Jlf/ = 4' L = 6i?AV = iW 

\2m 

Since rotations i 9 <re involved in this anElysis and in general full curves 
of bending moment are not wanted, it will be convenient to use the con¬ 
vention of signs for statical moments. The end moment in a member, 



Fig. 35 


then, will be taken as positive if the moment tends to turn the joint 
in a clockwise direction. For positive then, both end moments are 
positive. 

Effect of Proportions on Secondary Stresses. It is of importance, 
both in considering the probability of high secondary stresses and also 
in computing them, to understand how the proportions of the structure 
enter into the problem. 

The relative transverse displacements of the ends of the members 
vary directly with the unit stresses /, directly with the lengths of the 
members L, inversely with E. They also depend on the shapes of the 
triangles of the truss. 

The fixed-end moments in any member vary directly with A, directly 
with 7, directly with E, inversely as 

The distribution of moments depends only on the relative 1/L values. 
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The secondary stress in a member varies directly vith the secondary 
moment, directl}" with depth, inversely vith I. 

From these relations we conclude that the percentage of secondary 
stress depends only on the relative fiber stresses in the members, on the 
depth/length ratios of the members, on the relative values of I/L 
(relative stiffness) and on the shapes of the triangles. It does not de¬ 
pend either on the absolute fiber stresses or on E, if this is the same 
throughout the structure, or on the size of the truss. This is very 
important because it permits the comparison of trusses of the same 
type but of different spans and also makes possible estimates of second¬ 
ary stresses in the trusses sometimes built of concrete from data com¬ 
puted for steel trusses. The results then are in terms of the basic 
working stress and will vary directly with the absolute values of d/L. 

It is very important to realize that generally no one wants, or at least 
that no one should want, a complete set of exact values for secondary 
stresses. What we want to know, as quickly as possible, is whether 
they are too high; as soon as it is clear that they are too high, we at once 
do something to reduce them. What is to be done depends on circum¬ 
stances, and it is not intended here to discuss the matter at length; 
w^e may redesign so as to reduce the d/L ratios of the overstressed mem¬ 
bers, or in structures of steel we may plan to use some erection expedient 
to set up bending stresses opposite in sign to the secondary stresses, or 
we may reduce the basic stresses. 

These considerations also largely simplify the computations. The 
proper measure of secondary stress is not the absolute value nor the 
percentage of primary stress in the member, but the percentage of basic 
unit working stress. If we use this measure, a 25% secondary stress 
will mean 0.25 X 18,000 = 4500 lb. per sq. in. designed for a basic 
stress of 18,000 lb. per sq. in. in a steel truss, and 0.25 X 800 = 200 
lb. per sq. in. designed for a basic stress of 800 lb. per sq. in. in a truss 
of reinforced concrete. We may, then, use a unit height for the truss, 
or a unit height at center if the chord is polygonal, express all axial 
stresses in terms of the basic working stress, write only relative values 
of K{= I/L) for the bars. In computing the secondary stresses from 
the secondary moments we use a section modulus 


l_JL ^ d/L 

c“d/2 "^d/L 


2 for members of symmetrical cross-section. 


In any one member it thus makes no difference what value is assumed 
for K provided the relative values of K are correct, since I enters di¬ 
rectly into the computation of moments and inversely into the compu¬ 
tation of stresses. From previous observations in moment distribution 
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we know that within reasonable limits the relative values of K. need not 
be very exact. 

Abbreviated Computation. For a complete analysis of secondary 
stresses, then, we need to know only 

(а) The fiber stresses in terms of the basic unit stress. 

(б) The shape of the truss, but not its size. 

(c) The d;'L ratios for the bars. 

\d) The relative K values, which may be conveniently got from 


where A is the gross area of the bar, 

n is the ratio of radius of gyration to depth, approximate values 
of which are tabulated for steel sections in nearly all handbooks. 

If the basic unit stress is taken as 100, instead of unity, the secondary 
stresses will be percentages of the basic unit stress. 

The procedure just outlined is simple and has the advantage that at 
any stage of the process it is possible to sum the results and mentally 
estimate the stress intensities with which we are dealing. The procedure 
here and in other cases of moment distribution may be abbreviated by 
omitting the distribution each time, performing one distribution only 
at the end of the process. We thus carry over each time without dis¬ 
tributing, thereby saving some figuring. 

Effect of Secondary Stresses on Primary Stresses. In steel trusses 
of ordinary proportions the secondary stresses have a negligible effect 
on the primary stresses. The secondaries, then, are objectionable but 
do no work. But in trusses with short stubby members (large d/L 
values) the secondary stresses may materially reduce the primary stresses. 
In some heavy building trusses computations indicate that the second¬ 
ary stresses may even reverse the stress in some light members. 

The effect of secondaries on primaries is quite likely to be appreciable 
in trusses of reinforced concrete. The obvious procedure is to first 
compute the secondaries, then revise the primaries by statics and repeat 
to sufl&cient exactness. 

Illustrative Problem — Fig. 36. The determination of secondary 
stresses by moment distribution is illustrated in Fig. 36. The propor¬ 
tions of the truss — relative dimensions, relative K values — are first 
written, as are also the fiber stresses on the gross sections in percentage 
of the unit working stress. 

Next compute the angle changes. The values are written opposite 
each angle. Then, starting with some bar of small rotation and calling 
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its rotation zero,* determine, by adding angle changes, the rotation of 
all other bars. If we use the usual convention (tension positive) for 
fiber stresses, and pass around the truss in an anti-clockwise direction, 
aU angle changes will be added algebraically. Sign wEl then be auto¬ 
matic. Positive rotation is clockwise. 

Now vTite fi.ved-end moments, 6A>, and proceed as usual in moment 
distribution. In this case the distributed moments are omitted at each 
step, only the moments carried over being written and all distribution 
made at the end of the process. As elsewhere, where rotations are in¬ 
volved, we use the clockwise convention for end moments. Hence 
positive Tp produces positive end moment; we reverse the sign of the total 
unbalanced moment in distributing and carry over with the same sign 
as the distributed moment. This is equivalent to carrying over with 
sign opposite to the total unbalanced moment. In this problem the K 
value for the top chord has been modified because of S 3 mimetry. The 
middle joint in the low'er chord evidently does not rotate. 

After the end moments have been found, the secondary stresses are 

computed by multiplying by ^ 

results are in percentage of the basic unit stress.f 

F. “Rigid-frame” Bridges 

Bridges of the types illustrated by Fig. 13, page 211, have been used 
in recent years for highway over-crossings and sometimes for railway 
bridges. 

In bridges of this type, the abutments are an integral part of the 
bridge structure, moments being produced in the abutments by the loads 
on the girders. Clearly the magnitude of the earth pressure is variable, 
since it may be zero — backfill standing vertical and clear of the abut¬ 
ment as the girder contracts -with a fall in temperature — or it may equal 
the active pressure under the normal condition of full pressure of the 
earth against a fixed wall, or it may have values between the active 
pressure and the passive pressure where the bridge tries to expand 
against an active backfill. 

As in all bents, xmcertainties arise from foundation distortions. The 
footings may be fixed or they may be nearly free to rotate or one may be 

* In this problem the rotation of the top chord due to the deflection of the truss is 
actually zero by inspection. 

t Some work would have been saved by using fixed-end moments equal to K\// 
and multiplying by 3 to find fiber stresses. 
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fixed and the other free; in some circumstances the possibility of hori¬ 
zontal displacements of the footings should also be considered. 

A treatment of all these possibilities would carry us far afield. In 
spite of the physical uncertainties and the large elements of engineering 
judgment involved in such designs, they seem to have been satisfactory 
structurally and have been distinguished for architectural dignity.* 

Under the various assumptions just indicated, the structure shown 
in Fig. 13 may be looked at as: 

(a) A two-hinged arch or bent. 

(Z?) An arch or bent fixed at ends. 

(c) An arch or bent pinned at one end, fixed at the other. 

(d) A bent restrained against sidesway. 

Of these the last named is the most important. The structure if 
symmetrical may certainly be so treated for dead load, for full live load 
and for change of temperature. Maximum stresses in the abutments 
and near the ends of the span also occur for the assumption of restrained 
sidesway. 

The heavy short abutments in such structures are so stiff that a very 
close preliminary design may be made by considering the girder fixed 
at ends (abutments infinitely 
stiff). Study of several cases 
indicated that only a small 
percentage of the fixed-end 
moment on the girder was lost 
by flexure of the abutment. 

The economical design of 
the structure, then, is essenti¬ 
ally that of a beam of variable 
depth fixed at ends, which 
may then be investigated for 
various assumptions. In 
view of the small contribu¬ 
tion of the flexure of the 
abutment to the distortions 
of the structure, the impor¬ 
tance of uncertainties as to earth pressure are largely minimized. 

In the shorter spans, moments due to motor trucks may govern near 
the ends of the girders. Since they are relieved by horizontal motions 
of the deck, conservatism indicates that the structure should be 

* For interesting data on these structures, see **The Rigid Frame Bridge,'' Arthur 
G. Hayden, John Wiley & Sons, 1931. 


Comparafli^estress curve^y^'^^Camparafive ^ curve- 


and'jr curve/ \ rrg/d frame 


simple span ^ 



Assumed outline ofn^/d frame bn'dgi 


Fig. 37. Comparative //c Curves — Rigid 
Frame and Girder Simply ♦Supported. 




246 


RIGID FRAMES 


analyzed as a bent restrained against sideswa}’ and not as a free bent 
or arch. 

The claims made for reduced deflections in this type of bridge have 
not been proved. In the case of steel bridges one would expect the rigid- 
frame type of bridge to have greater deflection than a simple span on 
account of the reduced depth at the center — one of the chief advantages 
claimed for the rigid frame — where depth is most needed to reduce 
deflection. Fig. 37 presents a comparison of the / curves and f/c 
curves for assumed proportions of the girders as shown. It is evident 
that the bending moment due to the//c curve — which measures the 
deflection — is greater in the case of the rigid-frame bridge. 

See pages 41-43 to appreciate the difficulty of applying such com¬ 
parisons to structures of reinforced concrete. 
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mFLUENCE LINES 

What Is an Influence Line? An influence line is a graph or chart 
showing, for successive positions of a unit load, the value of some direct 
linear function of the load on the structure. An influence line may be 
drawn for unit stress in a given fiber, for shear at a given section, for 
moment about the centroid of any section or for moment about the 
kern of the section, for one component of the reaction at any support, 
for one component of the deflection at a given point, or for rotation of 
any line in the structure. The unit load for which the influence line 
is drawn is usually vertical, although it may be horizontal or inclined. 
It may be — but rarely is — a unit couple. 

An influence line is a somewhat sophisticated device. If one is 
accustomed to the use of charts as tools of thought, it is an extremely 
valuable conception; it is even useful to those who employ charts as a 
substitute for thought. Influence lines are not essential to the under¬ 
standing of any structure, either determinate or indeterminate. 

Construction of Influence Lines. The most obvious method of 
drawing influence lines is to move a unit load across the structure and 
compute the values of the functions xmder investigation for each position 
of the load. In some respects this is the best method because it brings 
out clearly how the structure acts under a moving load; in order to 
draw an influence line by this method it is necessary to understand clearly 
the theory of action of the structure. Moreover, if the influence lines 
are to be drawn accurately to scale, this method is usually as easy as any. 

For sketching influence lines quickly, to get their general shape, we 
use the principle explained on page 79, Chapter III. 

Miiller-Breslau^s Principle states that if any function — such as 
fiber stress, reaction, shear, bending moment, torsion — is allowed to 
produce freely a very small corresponding deformation A, the foad 
line of the structure will be deflected by the amount of the influence 
ordinates for that function multiplied by A. 

Although it is important to emphasize that this principle depends on 
the displacements being extremely small, as they are in actual structures, 
it is not necessary to adhere to this either in sketching the deflected 
structure or in computing the ordinates. For use, then, we may say that 
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the influence ordinates are the deflections produced by a unit displace¬ 
ment or rotation. This means that, if we want to draw an influence hne 
for a vertical reaction, we are to imagine that this reaction is raised by 
one unit; that if we want to draw an influence line for bending 
moment about the centroidal axis or about the axis through the kern 
of a cross-section we imagine a unit rotation about a hinge lying along 
this axis. 

Influence Lines for Statically Determinate Beams. Fig. 1 shows 
t 3 'i)ical influence lines for reaction, bending moment, shear and deflection 



Reaction at A 

Let reactfon at A 1 unit 


Moment af B 

App/y unit rotation at B, 

Pet/action curve is moment 
curve due to th/s rotation 
{ang/e c/iangi) as a iaad 


U- bL 


•at 


C 


TF 


7 

i 



'■‘-Uil" 

-^ 




Shear at C 

App/y unit c//sp/acement atC. 
Deflection cun/e is moment 
curve o/ue to this disp/acemsnt 
as an equ/va/ent /oad^^i.^. 
as a unit coup/e* 


(d) 



Def/ecf/on at D. 

App/y a un/t /oad at O and 
drai/v c/ef/ecf/on carye. 


Fig. 1. Influence Lines — Beam Simply Supported. 


for a simple beam supported at ends. This is the simplest application of 
Miiller-Breslau's Principle. In order to draw the influence line for 
reaction at A, Fig. 1 (a), we raise the beam one unit at A and draw the 
deflected load line. In order to draw the influence line for bending 
moment at B we imagine a hinge at B, apply a unit rotation at that 
hinge, and draw the deflected load line, Fig. 1 (6). The influence line 
for shear at section C is the deflected load line obtained by applying a 
unit displacement at C, the tangents to the deflected load line at the 
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section remaining parallel, Fig. 1 (c). To obtain the influence line for 
deflection at D, Fig, 1 (d), we apply a unit load at D and draw the de¬ 
flected beam. 

Fig. 2 shows examples of influence lines for a cantilever beam, for a 
simple beam supporting panel loads and for a simple beam with canti¬ 


lever arms overhanging 
each support. 

Combined Influence 
Lines. The influence line 
can usually be built up 
from simple influence lines 
with which we are familiar. 
The scale to which the 
lines are to be combined 
is determined either: 


Moment 

Shear 

Reaction R2 
Deflection 



(a) Simple Beam with Cantilever 


(а) by knowing the area 
under the combined influ¬ 
ence line; 

( б ) by knowing from in¬ 
spection some ordinate of 
the combined influence 
line, or 

(c) by computing some 
ordinate of the combined 



(b) Girder with Panel Loads 


influence line by the ele¬ 
mentary procedure of plac- 
ing a unit load at that ^ 

point. 

We have given in this 
chapter several illustra- Shear 
tions of this procedure, of ' 
which we may here note Rj 

the following examples: Deflection 4 

(a) The influence line 
for moment at any section (c) Beam Overhanging Both Ends 

of an arch may be drawn 2 Lines - Beams Simply 

by combining the influence Supported, 

line for moment at the cor¬ 
responding section of a beam with the influence line for moment due to 
arch thrust. Assuming that we know the shape of both of these curves 
— they are discussed below — we combine them for a parabolic arch 
so that the total area is zero, because, in a parabolic arch, if we neglect rib 
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shortening, there is no moment at any section due to full uniform load. 
This is discussed further elsewhere. (See Fig. 19, page 265.) 

(b) The influence line for moment at any section of a beam of two 
spans may be drawn by combining the influence line for moment if the 
center support were omitted with the influence line for moment due to 



the center reaction. Assuming that we know the shape of the influence 
line for the reaction, we must combine the influence lines so that the 
ordinate over the center support is zero, since a load acting at a rigid 
support produces zero moment at all points on the beam. This is 
illustrated in Fig. 3 (d). Other methods of drawing the influence line 
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for moment at a given point C in this two-span beam are also shown 
in Fig. 3. See also the construction shown in Fig. 4 which is self- 
explanatory. 

(c) The influence line for bending moment at any section of a con¬ 
tinuous beam may be drawn by combining the influence line for moment 
at that section, if that span were fixed at ends, with the influence line 
for moment due to rotations of the ends of the span. Independent 



Influence line for momenfcfO on a ^/mpla 
deam supported of A and Cdie/ded 
Influence Ane for moment at P due foreactfon 
at B df uided by . 

Influence ord/note for moment at D on tnio 
span continuous beam is ec^uaf to ord/nafes 
of shaded area multiplied by 

Influence I me for moment at E due to react/on at B 
divided by Xjpame as curved I/he above). 

Influence line forunomentatE'on simple beam 
supported at A and C divided byX^^ 

\C Influence ordinofe for moment at E on tm 
span continuous beam is epud to ordinates 
of shaded area multiplied by X^. 

Fig. 4. Influence Lines — Two-Span Beam — Same Base Curve. 


computation of one point on the combined influence line will enable us 
to draw the figure to scale. 

If a structure is indeterminate in the second degree — as for example 
a continuous beam of three spans simply supported at ends — we must 
combine the influence lines for a determinate structure with two curved 
influence lines for the indeterminate structure. 

The important point is that only a limited number of analyses of the 
indeterminate structure are needed. All other values may be got from 
these. This is true of the structure as a whole and also of each part of 
it. Hence all influence lines for shear or moment in any one span can 
be got from influence lines for moment at the ends of the beam, and aU 
influence lines for shears or moments or thrusts in any one span of a 
series of arches can be got from influence lines for end moments and for 
thrust. 
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In the beam span AB, Fig. 5, let 

is = influence ordinate at an}" point for moment at C on span AB 
simply supported. 

ia = influence ordinate for bending moment at A. 

% = influence ordinate for bending moment at B, 
i = total influence ordinate for bending moment at C, 



Now for a load in any position 


Total moment at C 


whence 


= (moment at C on simple beam AB) 
4* {d/L) • (moment at A) 

+ (6/ L) • (moment at B) 


. , a . . b , 

% — %5 + -^^a -T 
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If we wish to draw an influence line for shear at any section, 

Total shear at C for any loading = (shear at C on simple beam AB) 
+ {Ma - Mb)fL. 

In a symmetrical hingeless arch we may write for any condition of 
loading (Fig. 6) 

Me = Ms + {a/L)Ma + {h/L)Mi + Hy 

in which 

Me = the bending moment at C, distant a from end B and h from 
end A of the span. 

Ms == the moment which would exist at C if the arch were a simple 
beam on span AB. 

Ma and Mi — the bending moments at A and B respectively. 

H = the horizontal thrust acting along the line connecting the 
ends of the arch and at a vertical distance y from C. 



Whence 


in which 

i = the total influence ordinate for moment at C. 
is = the influence ordinate for moment at C on a beam AB simply 
supported. 

ia = the influence ordinate for bending moment at A on the arch 
AB. 

% = the influence ordinate for bending moment at B on the arch 
AB. 

% = the influence ordinate for crown thrust in the arch. 
y = the distance from C to line connecting the ends of the arch. 


i = is A- Y^ia A- ih + yik 
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The point C may be either on the axis of the arch as determined by the 
centroids of the cross-sections or it may be at the kern point of a cross- 
section. 

If, in the above expressions, la and 4 are influence ordinates for mo¬ 
ment at A and B, not on the arch but on a beam fixed at ends, then 
y should be measured to a horizontal through the elastic centroid of the 

arch. (See also Fig. 20 , page 266.) 

If the arch is uns^runmetrical, the same relations hold except that the 
line connecting the ends of the arch axis and the line of thrust for change 
of span are not horizontal. In this case, however, we may stiU take y 
vertically and use only the horizontal component of the thrust. 

In all the above expressions positive signs have been used for sum¬ 
mation; it is assumed that signs are properly chosen. 

Attention should be called to the precision that may sometimes be 
required in the computations just indicated if precision is expected in the 

results. Wherever quantities to 
be added algebraically are nearly 
equal in value but of opposite 
sign, a small relative error in one 
shows as a large relative error in 
the total. 

Influence Lines for Beams 
Fixed at Ends. Fig. 7 shows the 
influence lines for bending mo¬ 
ment at the supports of a beam 
fixed at both ends. We can 
sketch directly the shape that the beam will take if we rotate one end. 
If the beam is of uniform section, the end moment due to a load, P at 
mid-span is PL/8, or all the ordinates may be computed from the 
equation 

Ma = ms{a/L) 

See page 61. 

Fig. 8 (a) shows a slightly different method for estimating the in¬ 
fluence Une for end reaction on a beam fixed at both ends. First draw 
the influence line for reaction on a simple beam by raising that reaction 
point one unit, and then rotate the ends back to their horizontal position. 
Fig. 8 (&) shows the influence line for shear obtained from the influence 
line for reaction. 

Fig. 9 shows how this method may be used to draw the influence lines 
for bending moments at points between supports on a beam fixed at 
ends. We first draw the influence lines as if the beam were simply 
supported at the ends, and then rotate the ends to tangency. 



Fig. 7. Influence Lines — Fixed-ended 
Beam — Uniform Section. 
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Fig. 10 shows typical influence lines for moments on a beam fixed 
at ends. They are drawn by the elementary procedure of drat\ing 
a series of curves of moments for a unit load in various positions and 


Da flection due fo counfer-rofaffon 
of ends^ 

In fJuence line as a beam 



aimp/y supported. (a) 

f /nfluenca Line forReoction 
on a Beam fixed at 
Bofb Ends 


(b) 

Influence Lme for Shear 
on Q Beam fixed at Ends 


Fig. 8. Influence Lines — Fixed-ended Beam — Uniform Section. 


transferring the ordinates of these curves to the influence lines. It is 
the simplest procedure, and if many influence lines are wanted it is also 
the easiest. Note the three types of influence line indicated. 


influence line for beam 
simply supported 



'Deflection due fo 
counter-rotation of ends 




~ f/nf/c 

/ence line for beam 
dm ply supported 

■y^\ 



a 1 

, 4 

1 I 
_ 

r* CLm — ^ 


Deflection due to 


counter-rotation of ends 

Fig. 9. Influence Lines — Fixed-ended Beam — Uniform Section. 


Fig. 11 shows curves of maximum moment for uniform load on a beam 
of uniform section fixed at ends. In the middle third and also at the 
ends of the span the values of maxima coincide with the curves of full 
live loading or of no live loading. In the end thirds of the span the 
curve of maximum positive moment lies above the moment curve for 
full live load, and the curve of maximum negative moment lies below 
the moment curve for full live load. Fig. 11 (a) shows the construction 
for no dead load, and Fig. 11 (6) for a case where the dead load is equal 
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in intensity to the live load. Note that always the departure of one 
cur%'e of maxima from the curve of moments for dead load with no live 
load must equal the departure of the other curve of maxima from the 
curv'e of moments for full live and dead loads. 


I/7f/i/er7Ce/if?e 
Type A 


Influence line for 
Type A 


Influence fine forM^ 
TypeB 


Influence line fbrM^ 
TypeB 


Influence line for Mg 
'^peC 


Moment curves for 
unit had in irar/ous 
positions. 

Fig. 10. Influence Lines — Fixed-ended Beam — Uniform Section. 

Fig. 12 shows curves of maximum moment for a single moving con¬ 
centrated load as got from the influence lines of Fig. 10, Compare 
these curves with those of Fig. 11 (a). 

Fig. 13 shows typical influence lines for a beam of uniform section 
fixed at one end and simply supported at the other end. The ordinates 
of these curves may be computed directly or they may be deduced from 
influence lines for a beam fixed at both ends by finding the effect of 
releasing the moment at the end which is simply supported. 
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(b) 

Dead load 
per foot = 
live load 
per foot 





^Ci/rve of/rwmenfs for full loading 
-Maximum aegaf/Ye moments 
yFixed points.^ 

-h— L —1- 

/ . j / J L 


Curve of momenfs\. 


Maximum positive moments 
-Mote that these ordinates 
are always equal 

^rnn . . . . 

Curves of maximum 
moments for live had 
uniformly disfributecf 




"1 

TTt 

•y^Max. positive 









Curve of moments for full 
uniform dead and live had 
Maximum negative moments^l 

Fig. 11. Curves of Maximum Moments — Fixed-ended Beam — Uniform Loads. 



Fig. 12. Curves of Maximum Live-Load Moments — Uniform Section Single 

Concentrated Load. 

Influence Lines for Haunched Beams. Fig. 14 shows a method of 
drawing approximate influence lines for end moments on haunched 
beams. We assume a free (flexible) length of beam, as explained in 
Chapter V, whose moment of inertia is equal to that of the beam be¬ 
tween haunches. The ends of the free length are assumed to be at the 
sections where the depth of beam and haunch is one-third greater than 
the depth of beam at mid-span. We may then consider the influence 
line made up of three parts: the flanking haunches, which do not bend; 
the deflection due to raising one end of the free length a distance equal 
to the length of flanking haunch at that end without rotation at either 
end, and the deflection due to rotating one end of the free length until 
it is tangent to the haunch. 
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Fig. 13. Influence Lines — Beam of Uniform Section Fixed at One End, Simply 

Supported at the Other. 



Potfec/cun/$ has same shape 
os fhaf fore/?cf shear on a 
beam of span L' f/xed of ends 
Ord/nafes 

Ordinates y'same as for end 
moment on a beam of uniform 
section of span L ^ 


Fig. 14. Influence Lines — Fixed-ended Beam — Section Not Constant. 
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We obtain these relations by considering the influence line as a purely 
geometrical construction. Exactly the same relations follow from statics 
if we note that the moment at A (Fig. 14) due to a load mthin the free 
length is equal to the moment at B plus the shear at B times the dis¬ 
tance a. 

Exact influence lines for haunched beams are shown in Chapter V. 


SC A 



Fig. 15, Typical Influence Lines — Continuous Beams. 


Influence Lines for Continuous Beams. Fig. 15 shows typical in¬ 
fluence lines for continuous beams. These have been sketched directly, 
using Miiller-Breslau^s Principle. 

Influence Lines for Continuous Viaducts. For important continuous 
viaducts carrying railway or highway loadings some designers wish 
complete sets of influence lines. These may be conveniently constructed 
as follows: 
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(a) Draw influeiice lines for fixed-end moments in each span. Except 

in the case of spans free at one end this will require two influence 
lines for each span. 

(b) By a series of moment distributions find moments at each sup¬ 

port due to a unit unbalanced moment acting successively at 
the supports. This procedure may be shortened as explained 
on page 104. 

(c) Place a unit load at any given point in one span and, by use of 

influence lines (a) above, calculate the fixed-end moments in 
that span. Multiply each fixed-end moment by the set of 
values calculated in (6). This gives moments at the ends of 
the beams. 

The bending moment at any section due to a unit load at a given 
section is the sum of the moment at that section due to the unit load 
on a simple beam and the moment at that section due to moments at the 
supports. Draw the moment curve for a unit load in the given po¬ 
sition. 

(d) From the series of moment curves (c) due to a unit load at various 

positions the desired influence lines for moment at any given 
section may be conveniently plotted. 

Influence lines for shear may be got by plotting curves of shear in¬ 
stead of curves of bending moment in (c). Influence lines for reaction 
may be obtained from these curves of shears or they may be determined 
by computing the reactions corresponding to the curves of moments. 

This method requires influence ordinates for fixed-end moments and, 
in the general case, an elastic analysis (moment distribution) for each 
point of support which is neither free nor fixed. A three-span girder 
with ends free requires only two elastic analyses, and a four-span girder 
requires three. 

Fig. 16 shows typical procedure for a three-span continuous girder of 
var5dng section which is rigidly connected to columns at supports (1) 
and (2). This figure indicates the method of drawing the moment 
diagram for a unit load applied at any given point, a, in span (l)-~(2), 
and also shows calculations for shears and reactions for a unit load ap¬ 
plied at a. From these data it is possible to determine the ordinates at 
a of the influence line for bending moment or for shear at any section of 
the beam or for reaction at any support. If we were to go one step 
further and draw the shape which the structure (i.e., the load line) 
would take due to a unit load at a we would have the influence line for 
deflection at a. The figure shows only those computations which are 
necessary to explain the process. ^ 
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The curve of moments in Fig. 16 is drawn for a single unit load applied 
at a. Therefore the ordinate at a of the influence line for bending mo¬ 
ment at a is numerically equal to and the ordinate at a of the influence 
line for bending moment at h is numerically equal to %. The ordinate 
at a for shear in the left end span is numerically equal to the shear in 



Fig. 16 . Continuous Viaduct — Typical Computations for Influence Lines. 


that span indicated on the figure; and the ordinate at a for reaction at 
(1) is numerically equal to the reaction at (1) as indicated on the figure. 

In order to draw a complete influence line by this method, we must 
make such a series of calculations for each position of the unit load. 
The influence lines for fixed-end moments in each span and the distribu¬ 
tion factors for a unit bending moment at the ends of the girders need be 
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calculated only once for a given structure. The calculation of final 
moments, shears, reactions and influence ordinates is a routine task. 
The number of these sets of routine calculations required (one for each 



- 1.682 

Fig. 17. Continuous Viaduct — Typical Curves of Moment for Single Concen¬ 
trated Load, and Deduced Influence Lines. 


position of the load) depends on the accuracy desired in the influence 
lines. 

Fig. 17 shows typical bending moment diagrams for a single con¬ 
centrated load applied on a continuous viaduct. It also shows typical 
influence lines for bending moment at various sections in the girders 
of the frame. In this figure, note that: 
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(1) The moment curve in any given span on the left of the loaded 

span always has the same ^hape; and the moment curve in any 
given span on the right of the loaded span always has the same 
shape. The moment curve for a load in the extreme left span 
is shown in (a), and the moment curve for a load in the extreme 
right span is shown in (c). The moment curve on the left of the 
loaded span, in (6), is similar to the moment curve on the left 
of that same span in (c ); that is, the moment curves in spans 
AB and BC, Fig. 17 (b), are similar respectively to the moment 
curves in spans AB and BC, Fig. 17 (c). The same is true for 
spans on the right of the loaded span. Hence, if we first draw 
accurate moment curves for loads in the end spans, we need find 
only end moments when we load other spans. This makes the 
drawing of complete moment curves a simple procedure. 

(2) Fig. 17 (d) shows the influence line for bending moment at a 

section in the left end span; Fig. 17 (/), the influence line for 
bending moment at a section in the right end span; and Fig. 
17 (e), the influence line for bending moment at a section in an 
intermediate span. 

Note that the influence lines in (e) and (/) are similar in spans AB and 
BC, and that the influence lines in (e) and (d) are similar ha 
spans DE and EF. Therefore, if we draw accurate influence 
lines for any function in the two end spans we can readily draw 
the influence hnes in all spans on the left or right of any given 
section: we need calculate only two influence line ordinates, 
one in a span on the left of the section and one in a span on the 
right, and we can then draw the influence line by proportion for 
all spans except the one in which the section itself is located. 

Influence Lines for Arches. Fig. 18 shows influence lines for hori¬ 
zontal thrust produced by vertical loads on arches. We can easily 
picture the shape of these influence lines if we remember that they repre¬ 
sent the vertical displacement of the load line due to a unit horizontal 
displacement of one abutment relative to the other. For parabolic 
arches we can get an approximate value for the influence line ordinate 
at mid-span by assuming a shape for the influence line. There is no 
bending moment at any section of a parabolic arch (neglecting the effect 
of rib-shortening) if the arch supports a uniformly distributed load 
over the full span length. The horizontal thrust for this condition of 
full uniform load is 


H - wL^/8h 
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and the area under the influence line is therefore equal to 

H; w = L-/8h 

If we assume further that we know the shape of the influence Kne we 
can calculate its center ordinate. Thus, if we assume that the influence 



line for thrust in a two-hinged arch is parabolic, the area under the in¬ 


fluence line is 



and the middle ordinate of the influence line 

. 3 L 
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We would find a different value of the center ordinate if we were to 
assume some shape for the influence line other than a quadratic parabola. 
From such studies we can not only get an approximate idea of the in¬ 
fluence lines, but we can compare influence lines for different arches. 

Fig. 19 shows how approximate influence fines for bending moment at 
any section, A, of a two-hinged arch may be obtained by combining a 
parabolic influence fine for moment due to horizontal thrust with the 
influence fine for moment on a beam simply supported. 

The combination in this case is easy since the structure is indetermi¬ 
nate in the first degree. We have already shown that the ordinate of 
the influence line for horizontal thrust is approximately -i^L/h at mid- 



Fig. 19. Influence Lines — Two-hinged Arch. 

Above — For Crown Thrust Below — For Moment at A 

span if we assume that the influence line is a parabola. If the arch is 
parabolic and is fully loaded with a uniformly distributed load, there is 
no moment at A ; hence the total area under the influence line must be 
zero, and the area of the triangle must equal the area of the parabola. 
Hence 

lahU = (|)z/L 

and 

ic' = iahL 

Hence the maximum (center) ordinate of the curve is approximately 
equal to three-fourths the maximum ordinate of the triangle. All in¬ 
fluence fines for a two hinged arch may be deduced directly from a 
single curved influence line. 

Fig. 20 shows approximate influence fines for bending moment at the 
springing and at the crown of a hingeless arch. These influence lines 
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are obtained by combining the influence line for moment due to arch 
thrust i;\ith the influence line for moment on a beam fixed at ends. If 
the arch is parabolic the area under the influence line is zero, and if the 
arch is nearly parabolic the area is nearly zero. 

To draw the approximate influence line for bending moment at a given 
section of an arch by this method we draw first the influence line for 
bending moment at that section for a beam fixed at ends. We then 
sketch a curve whose ordinates are proportional to the ordinates of the 



(a) 

At^prfngmg 


(b) 


At crown 


^JrfluBncs I/nB for end rnofoent on g bsom fixed of ends 
-Effect of/igrizonfa! thrust 

Y App/vxirnafe influence Line fbrM ^. 

Approximeofe area, pce/fii/e 

31LL^ 
ornegaf/ve-4 gl 8 ~ 

{very roughly) 



Fig. 20. Influence Lines - 


yj U ^ -f 

(very roughly) 
Hingeless Arch. 


influence line for horizontal thrust, adjusting this curve by successive 
trials until the positive and negative areas are equal (or nearly equal). 

This method of sketching the approximate influence lines is very crude, 
of course, but even these crude sketches show clearly that the load- 
divide for crown moment and that for springing moment divide the 
span in the ratio of nearly 3 to 6 — that is, the load-divides in these 
cases are nearly one-eighth of the span length on either side of mid¬ 
span. The slopes of the influence lines at the load-divides are small, 
indicating that it is not very important to know their location exactly. 
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Influence Lines for Continuous Series of Arches on Slender Piers. 
Series of arches of reinforced concrete resting on slender piers have 
recently received a good deal of attention in American literature. It is 
intended here to refer only briefly to influence lines for such structures. 
Such influence lines may be thought of as made up of three parts: 

(1) The influence line for any function if the arch were rigidly fixed 

at ends. 

(2) The influence line for the effect of displacement of the pier tops. 

(3) The influence line for the effect of rotation of the pier tops. 
Rotation of the pier tops commonly has less effect on the final influence 
line than displacement of pier tops. 



(a) 

(b) 

(c) 
(cO 

(d) 

(d') 

(e) 


Fig. 21 . Typical Influence Lines — Continuous Arches on Elastic Piers. 


Influence lines for arches fixed at ends have already been discussed. 
Let us imagine that the pier tops at B and C (Fig. 21) spread hori¬ 
zontally without rotation, and sketch the shape of the deflected load line 
for the entire structure due to this spread of pier tops. Evidently the 



268 


INFLUENCE LINES 



Fia. 22. Typical Influence Lines — Continuous Arches on Elastic Piers. 
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load line will drop in span BC and it will rise in all other spans in 
the structure. For graphic reasons the displacements from thrust are 
reversed in the span under consideration. This effect is shown by the 
dotted lines in Fig. 21 {a) and (6). If we assume no rotation of pier 


140' Span Arch 

1 2 3 4 5 4 3 2 1 



Fig. 23. Comparison of Component Elements — Influence Lines for Con¬ 
tinuous Arches. (Center Span of Fig. 22.) 


tops the curve of rise or fall of the load line evidently has the shape of 
an influence line for crown thrust, but the ordinates become propor¬ 
tionately smaller as we go outward from the span BC. 

Fig. 21 (a) shows the influence line for bending moment at the crown 
and Fig. 21 (6) shows the influence line for bending moment at the 
springing of span BC obtained by combining the influence lines for a 
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fixed arch with the influence line for effect of displacement of pier tops 
without rotation. 

Rotation of the pier tops modifies these influence lines somewhat, 
though not very materially. The effect can be estimated qualitatively 
in Fig. 21 (c) and (d) by rotating the pier tops, thus reheving the effect 
of horizontal thrust on one side of the pier and increasing it on the 
other. The final influence lines will be more like those shown in (c) and 
(d) than like those shown in (a) and (6). 

The moment at the base of pier B is due to the horizontal thrust taken 
by the pier as the pier tops spread, and slightly to the rotation of the 
pier tops. Fig. 21 (e) shows the shape of the influence line for moment 
at D. 

Fig. 22 gives influence lines for various functions in a certain con¬ 
tinuous arch series. 

Fig. 23 shows the relative effect of spread of piers and of rotation of 
pier tops on the influence line for springing moment on the center span 
shown in Fig. 22. 


Graphical Constructions 

Graphics will often be found as convenient in the study of continuous 
structures as it is in problems dealing with structures which are statically 
determinate. There can be little doubt as to the value of a pretty com¬ 
plete knowledge of graphics; no one is a complete master of algebraic 
methods who is not familiar with graphics, nor is anyone fully competent 
to use graphics who is not a master of algebraic methods. The easiest 
solution of a problem is sometimes algebraic, sometimes graphical, 
often a combination of the two. Below, largely for suggestion, are 
given some graphical constructions for influence lines. 

Graphical Determination of Centroid, Statical Moments and Products 
of Inertia of Areas. To determine the properties of an area, separate 
into parts so small that their centroidal moments of inertia and products 
of inertia may be neglected, and treat each of these areas as if it were a 
force. Lay these off vertically and draw a string polygon. The first 
and last strings intersect on a vertical through the centroid. 

The statical moment of the area about any vertical axis is the inter¬ 
cept of the first and last strings on this axis multiplied by the pole dii§- 
tance. 

To find the product of inertia about two vertical axes, use the inter¬ 
cepts on one of these axes of the polygon just drawn as new forces 
for a new polygon. The intercept on the second axis of the first and 
last strings of this second polygon multiplied by the product of the pole 
distances used is the product of inertia wanted. 
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To locate the centroid horizontally, repeat the above process, except 
that the small areas are treated as horizontal forces. 

To find the product of inertia about two axes which are not parallel, 
draw the first polygon with the areas acting as loads parallel to the first 
axis and find all intercepts on this axis. Then treat these intercepts 
as forces parallel to the second axis and draw a new string polygon. 
The intercept on the second axis of the first and last strings of this sec- 



Fiq. 24. Graphical Construction — Product of Inertia. 


ond polygon times the product of the two pole distances used is the 
product of inertia wanted.* 

Fig. 24 shows the construction for product of inertia about two axes, 
X being horizontal and F vertical. 

* We can find graphically the value of any function of the form aXxy. To do so 
find the intercept ony = 0 of a string polygon for loads x at distances y using a pole 
distance 1/a. 

To find the value of the function of the form ab2xyz: 

(1) Draw first a string polygon for loads x at distances y using a pole distance 1/a. 

Find all intercepts on 2 / = 0. 

(2) Using these intercepts as loads at distances z and using a pole distance 1/6, 

find the intercept on 2 =0. 

Note that this is merely graphical arithmetic; it involves no structural principles. 
Of course, by using successive polygons, we could find ahcXxyzw, or for any number 
of variables. 
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Graphical Determination of Kem Distances. In a section such as 
AB, Fig. 25, having only one axis of symmetry the kern point is, by 
definition, that point at which a load should be applied to produce no 

stress at the far edge A of the section. 
Then 

, 1 , kern distance „ 

/« = 2 H-= 0 

I 

Kern distance = — 7 ^ = ~ as shown in 

AXa Xa 

the figure. 

The moment of inertia about the cen¬ 
troid may be found by the construction 
explained above as the intercept on the centroidal axis between the 
first and last strings of a polygon, the loads for which are the intercepts 
on this axis of any other string polygon drawn for the given areas. 


'^Cerf-ro/d 





j \*-Ae/7? 




— 


Fig. 25. Kern Relations. 



Fig. 26. Graphical Determination of Kern. 

This intercept is to be multiplied by the product of the pole distances 
for the two polygons: 

Jo = intercept X 

If we make the pole distance of the first polygon equal to A (see 
Fig. 26) and that of the second polygon equal to Xa then 

Jo = Axa X intercept. 

Then Kern distance = = intercept. 

A.X(i jTxXd 

The kern distance, then, is the intercept of a moment of inertia polygon 
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for which the first pole distance is A and the second pole distance is Za. 
With the kern distance for A found, that for B follows from 

Kern distance for A _ ^ 

Kern distance for B Xa 

Fig. 26 shows the construction. After the kern distance for A is 
found, that for B is got by proportion, as indicated separately in Fig. 27. 
Obviously for accuracy more divisions should be used. 




A 

^^ 

3 




_ 

fb/s line fo get 



,. Aer/? d/shnce for B ^ 

propor lon^ 

Fig. 27. Kem Eelations. 


Graphical Application of the Column Analogy. The most useful 
quantitative application of Mtiller-Breslau^s Principle is in graphics. 
If we apply the generating displacement indicated by this theorem in 
the column analogy, we may deduce an interesting theorem in the graph¬ 
ical construction of influence lines. In the column analogy when ap¬ 
plied to a single span of beam or arch the unit rotation indicated is 
analogous to a unit load on the column, and a unit displacement is 
analogous to unit moment about a centroidal axis of the analogous 
column parallel to the line of displacement. We have already shown 
how to find the neutral axis of the analogous column section and how to 
find the components of the indeterminate force F which acts along this 
neutral axis — or, rather, along what in the beam or arch corresponds to 
the neutral axis of the analogous column. See page 52. 

In any single-span beam or arch, fixed at ends,* on either side of the 
section for which an influence line is to be drawn, the influence ordinate 
at any point to scale is the product of inertia of all elastic areas between 
the end of the beam and that load point, about the line of action of the 
load and the neutral axis of the analogous column for the generat¬ 
ing displacement indicated by Miiller-Breslau^s Principle. To get the 
absolute value we should multiply by the value of the indeterminate 
force F, which can be done automatically in graphical construction by 
proper selection of pole distances. 

This general theorem may be proved thus: 

* The theorem can be so stated as to apply to two-hinged arches, but it is some¬ 
what more complicated in the general statement. 
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Suppose that it is desired to find the influence ordinate at A for the 
moment at C on the arch shown in Fig. 28 due to loads acting in the 
direction indicated. ]Muller-Breslaii’s Principle tells us to apply unit 
rotation at C. We can, for this rotation, find by the column analogy the 
redundant force F and its line of action. We now wish to find the de¬ 
flection of A in the direction of the loading due to the action of this 
force. The analogy of angle weights tells us that this deflection of A 
is the statical moment about an axis through A parallel to the direction 
of loading of all angle changes produced by F between A and the end 
of the beam. At any point B the angle change is Fca, where a is the 
elastic area at B. The statical moment of this about axis through A 

is Fcbaj or F times the 
product of inertia of 
the elastic area at B 
about F and the line 
of action of the force 
through A. Summa¬ 
tion of these products 
of inertia leads to the 
theorem stated above. 

The theorem is here 
stated in terms so gen¬ 
eral that specific appli¬ 
cation is needed. We can, of course, apply this theorem arithmetically, 
but its chief value is in graphics; in getting products of inertia, graphics 
has the advantage that addition and multiplication are performed auto¬ 
matically and simultaneously. In a previous section it has been shown 
how all influence lines for an indeterminate structure may be got by 
combining influence lines for thrusts, shears and moments at the ends of 
the individual members when these ends are considered as fixed. The 
most useful application of the theorem is in drawing such influence lines, 
especially those for end moment on beams fixed at ends and for the 
thrust of arches. 

To draw by this method the influence line for end moments in a beam 
fixed at ends, we find the curve of products of inertia about the neutral 
axis of the analogous column and the load points and multiply by F. 
But 

ip ^ ^ _ 1 I 

I ^ A^ 

Xa 

Now pV Xa is the kern distance for the end. If, then, we draw the first 
string polygon with a pole distance equal to the total elastic area A 



Fig. 28. Relations Involving Product of Inertia in 
an Arch. 
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and the second string polygon for intercepts on the kern line and with 
a pole on the centroidal axis, the influence line will be to scale. This 
latter pole may as well be so chosen that the base line — the last string — 
of the influence line is horizontal. 

To draw, by this method, the influence line for thrust in a symmetrical 
arch we find the curve of products of inertia about the horizontal axis 



Fig. 29. Influence Lines for Fixed-end Moments — Graphical Construction. 


through the elastic centroid of the arch with a pole distance for the 
first polygon equal to A, the total elastic area, and for the second polygon 
of p/ = ly/A. If, instead of the influence line for horizontal thrust, 
we wish the influence line for moment at the springing due to the thrust, 
we would choose as the second pole distance Py^/y, where y is the dis¬ 
tance from the centroidal axis to the springing of the arch. 

Illustrations of Graphical Construction of Influence Lines. Influ¬ 
ence Lines for Fixed-end Moments in a Beam. Fig. 29. As explained 
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above, this is a curve of products of inertia about the load points and the 
kern points. Proceed as follows; 

(1) Using the elastic areas as loads find the total elastic area, the 
centroid and the kern points of the analogous column section. The 
determination of /q and of the kern points involves a polygon not shown 
in the figure. 

(2) For the string polygon for the elastic areas and a pole distance 
equal to the total elastic area — it has already been drawn find the 
intercepts on the kern line for either end. 



Fig. 30. Influence Line for Crown Thrust in Arch — Graphical Construction, 

(3) Using these intercepts as loads with a pole, on the centroid — 
preferably so chosen that the first string, for end B or O'TP' for 
end A shall be horizontal — draw the desired influence line. It will be 
to scale. The accuracy of the construction is checked if the polygon 
closes at JL — or at J5 for the influence line for B. 

Influence Line for Thrust in a Hingeless Arch, Fig. SO, To draw 
an influence line for horizontal thrust, we apply a unit horizontal dis¬ 
placement. This is equivalent to a unit couple acting about a hori¬ 
zontal axis on the analogous column. For a symmetrical arch, the 
neutral axis is horizontal through the centroid and F = 1/ly, Proceed 
as follows; 



GRAPHICAL CONSTRUCTIONS 


277 


(1) For the given elastic areas find the centroid and ly. To deter¬ 
mine ly involves another polygon not shown. 

(2) Find the intercepts on the neutral axis of the string polygon foi 
the loads. We have used a pole distance A. 

(3) Draw a curve of products of inertia for these intercepts with 
pole distance ly/A = p/. This is the influence line for horizontal 
thrust to scale of distance. In the diagram we have exaggerated the 
vertical scale to gain accuracy. Of course, values of ds must be got 
from a diagram on natural scale. 

A similar diagram may be drawn for an arch w^hich is not symmetrical, 
except that the neutral axis will not be horizontal and the product of 
the two pole distances must be 1/F. 

Note that it is quite as easy to draw the influence fine for horizontal 
loads or for inclined loads by modifying the direction of the rays and of 
the load lines in the second polygon. 

Semi-graphical Analysis for Influence Lines in an Arch. Figs. 31 
and 32 show constructions for drawing influence Unes for any arch fised 
at ends. To add accuracy, the scale of the vertical ordinates has been 
exaggerated. More divisions should be used than are shown here. 
The values of ds must be got from a diagram drawn to natural scale. 

(1) In Fig. 31 lay off load polygon 1 for the given elastic areas. 
With a pole distance A draw string polygons lo and 16. This locates 
the centroid vertically and horizontally by the intersection of the first 
and last strings. Polygon la is an influence line for P/A. 

(2) Using the intercepts of la on the centroid and any convenient pole 
distance (load polygon 2) draw string polygon 2 — Fig. 32. This is an 
influence line for ilf* in the column analogy. 

(3) Using the intercepts of 16 on the centroidal axis and the same 
value for pole distance as in load polygon 2, but to the vertical scale, 
draw load polygon 3, Fig. 31. 

From this load polygon draw string polygons 3 and 3a. The intercept 
on the centroidal axis of the first and last strings of 3a gives ly. The 
intercept on the centroidal axis of the first and last strings of 3 gives I^y 
and the ordinates at the load points give values of My in the column 
analogy. 

We may now correct the values of Mx, My, 7* and ly for dissymmetry 
and by computation determine thrust lines and fiber stresses for various 
positions of a unit load. 
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Semi-graphical Analysis — Influence Lines for Unsymmetrical Arch. 




CHAPTER IX 

RIGHT ARCHES OF REINFORCED CONCRETE 
A. Analysis 

The reader should clearly understand the distinction between analysis 
and design; the former is a mechanical procedure, the latter involves a 
large amount of judgment. By analysis we determine the stresses in an 
arch of given dimensions, whereas design involves the selection of de¬ 
sirable dimensions for the arch. A common error made by students is 
to become so fascinated by the analytical procedure that they have 
neither time nor interest for the more important problems of design. 

In spite of a general idea to the contrary, there is nothing especially 
intricate about the mathematics involved in the analysis of an arch. 
The relations are no more complicated than those involved in stress 
analysis of beams and struts; in fact, the algebraic relations are identical 
in the two problems. The analysis, however, does involve a good deal 
of computation. The quantities wanted are usually the difference of 
two other quantities which are nearly equal, and this in some cases may 
require considerable precision in the computations. 

There is an extensive literature on the subject of arch analysis. 
Usually each writer has presented some slight variation of technique, 
which he considers to constitute a new method. The object of these 
variations has been, consciously or unconsciously, to reduce either the 
number of terms to be computed or the precision of computation re¬ 
quired. Some have sought to escape all tedious computation by use of 
graphical arithmetic. Graphics has a special appeal in arch analyses 
because by its use addition and multiplication are done at the same time. 
The difficulties arising from the need of precision remain, however. 

In the method of analysis used in this chapter the number of terms to 
be computed has been reduced to a minimum. The required degree of 
precision may be reduced by choosing the curve of static moments so 
that the values of these static moments are small. The indeterminate 
moments deduced, which are corrections to the assumed static moments, 
are then very small and need not be found very precisely. 

Procedure in Analysis. The analysis of stresses in an arch consists 
in determining the reactions — or, what is the same thing, the internal 
moments — so that both the laws of statics and the conditions of ge- 

270 
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onietry are satisfied. The exact form of the equations which are to be 
written and the order in which they are to be combined in solving them 
are subject to unlimited variation. 

If the curve of the arch axis can be represented by a simple equation 
and the variation of the moment of inertia along that axis can also be 
represented by a simple equation, it may be convenient to use the cal¬ 
culus and derive general expressions for the values sought. Thus if the 
arch axis is parabolic {y = ax-) and 7 « {ds)/{dx), where ds and dx are 
the lengths respectively of a short portion of the axis and of its horizontal 
projection, all the terms involved are easily integrable and the expres¬ 
sions resulting are of convenient form. If the arch axis is circular in 
form and the moment of inertia is constant, the expressions are integrable 
but the results are not very simple or convenient. 

For purposes of general investigation such mathematical expressions 
are sometimes useful. They have of course the advantage that they 
indicate general relations. But arches as actually constructed are 
usually neither parabohc nor circular, and the variation of the moment 
of inertia along the axis is not simple. It therefore becomes necessary 
to resort to a process of summation in place of integration. 

In dividing the arch axis for sunamation we may either divide it so 
that the lengths of the segments are constant (As is constant) or so that 
the length of segment is proportional to the moment of inertia (As/7 
is constant) or so that the horizontal projections are constant (Aa; is 
constant). All these methods have been used by different writers. 

The first method, in which the length of the segments is constant, 
seems to offer no advantages. 

The second method, in which As/7 is constant, has been extensively 
used. It has the advantage that the unit used in the summation is 
constant. On the other hand a special construction is needed to make 
such a division. Moreover, the segments of the axis become very long 
near the springing where the moment of inertia is large, and accuracy is 
sacrificed. This objection can be overcome by subdividing these long 
segments, but the expected simpKcity of the method has been sacri¬ 
ficed. The method is not recommended. 

The third method of division (Ar constant) is used in this chapter. 
It is an easy matter to make the divisions, and the resulting values of x 
are convenient, since they are in the ratio 1, 3, 5, etc. 

Method of Analysis. The method of analysis recommended is that 
of the column analogy. This general method for closed rings has been 
explained in detail in Chapter III. As specifically applied to an arch, 
it may be well to review it briefly here. 

For stresses produced by loads on the arch to first select a convenient 
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curve of mo ments in the arch ring statically consistent with these loads. 
Of course, there are an unlimited number of such curves; we select one 
which is simple and convenient. 

For stresses due to changes of temperature, to shrinkage, to rib- 
shortening (shortening in the arch rib due to stress), to abutment move¬ 
ments, we need to determine the amount of movement which would take 
place from such a cause if the arch ring were free from its abutments. 

Moments Due to Loads — S 3 mmetrical Arches. Our problem is now 
to find the change in the fnoments or the change in the reactions due to 
the restraint produced by the abutments. 

The change in moment at any point, if we use the terminology of the 
column analogy, may be determined from the general formula for flexure, 

P M ' M ' 

f = -T + -VT ^ + TT y ill case of unsymmetrical arches 

A lx ly 

which reduces to the form: 

PM M 

jf = ~ -f X + y in the case of symmetrical arches. 

.A JL ^ Ay 

Treating first only the more common case of symmetrical arches we 
define the terms as follows: 

/ is the change of moment due to the restraint of the abutments. 

X, y are the coordinates of the point at which the change in moment 
is wanted referred to axes through the elastic centroid of the arch, 
as defined below. 

P is the total elastic load on the analogous column defined as Sma, 
where m is the moment determined above for the assumed curve of 
static moments 

a is the elastic area,” or length of segment divided by the 
moment of inertia, As/Ij on which this moment acts. 

Mx is the statical moment of the elastic loads just defined along the 
axis of Xj or ^max. 

My is the similar value along the axis of F, or ^may, 

A = 

Ix = 
ly = 

The properties of the arch ring are defined by the values of a, x, y for 
each segment, from which Y^ay^ are to be computed. The 

properties of the elastic load,” to be found from the given static mo¬ 
ment m on each section, are 

The “ elastic centroid ” of the section is defined by ^ax = 0, ^ay = 0. 
Since the vertical height of the centroid is not at first known, we com- 
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pute all quantities first for any convenient horizontal axis and then cor¬ 
rect the computed values to the centroidal axis. 

Reactions Due to Loads — Symmetrical Arches. If, as is usually 
more convenient in arch analyses, we prefer to find the reactions and 
then the moments from the pressure line, we find the change in the 
reactions from that assumed in drawing the original pressure line: 


and one intercept of its line of action. (See Fig. 1.) 

P - ^ P 

Avi Ahi 

The pressure line may then be redrawn. 



Fig. 1. Arches — Thrust Line for Indeterminate Force. 


Moments and Reactions Due to Change of Temperature, to Shrink¬ 
age, to Rib-shortening, or to Spread of Abutments — Symmetrical 
Arches. The same method of computation is followed as for loads. 
The '' elastic load '' in this case is a moment along the axis of Y equal 
to the indicated change of span. 

Linear displacement in the column analogy is equivalent to a bending 
moment about a parallel axis through the centroid. Thrust is then 



Temperature change would produce a horizontal displacement et^L 
if the ends were not restrained, and hence 

„ Eet°L 

tit — — j — 

ly 

Rib-shortening similarly would produce a change in span length 
equal to LL and hence 

ly 


where fc = average unit compression for any loading. 
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The moment due to thrust is H • y, where y is the distance from the 
centroidal X axis to the point considered. 

Or we may write directly from the column analogy (including the 
factor E, usually omitted in the calculations for ly ): 

eEfLy 
m = —^ 


for temperature change and a percentage amount for rib-shortening. 

Quantities to be Computed. The following quantities need consider¬ 
ation: (a) Stresses in the arch ring at crown, at springing and, rarely, 
at quarter point, due to dead load; (6) maximum stresses at these 
points due to moving live load; (c) stresses due to shrinkage and to 
temperature change; (d) possible stresses due to abutment movements; 
(e) reactions on the foundations. 

The relative compressive stresses in the arch ring from dead load, live 
load and deformation vary a good deal in different arches, but in an 
arch properly proportioned the following values may be taken as fairly 
representative. 


Dead load stresses — Due to thrust 50% 
— Due to moment Small 

Live load stresses — Due to thrust 5% 
— Due to moment 30% 

Temperature and shrinkage stresses — Due to thrust Small 

— Due to moment 10% 

ioo^ 


} 

} 

} 


40%-60% 


20%~50% 


5%~20% 


Of these the stress due to dead load is subject to few uncertainties, 
whereas the stress due to live load is uncertain for several reasons and the 
stresses produced by temperature changes and by shrinkage are subject 
to even greater uncertainties.* 

The stresses produced by rib-shortening are usually about the same 
as for a drop of temperature of 15° to 20° and need be computed only 
where they affect stresses which are critical. 

Moments and Reactions in Unsymmetrical Arches. If the arch is 
unsymmetrical, we use the more general form of the flexure formula. 
The change in moment due to continuity is given by 



MJ , M; 

■-Ytx+^ 

J-X J-y 


* See ^‘Dependability of the Theory of Concrete Arches,by Hardy Cross, Bui. 
203, Eng. Exp. Sta., XJniv. Ill, 1929. 
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where 

MJ = M, - My ^ 

ly 

My' = My - ilf* ^ 

J-X 

j t T T Ixy 

J-x ^xy T 

I' — T — I Zs 

ly ly Ixy j 

^X 

Here Ixy = 

All other terms have the same values as given above for symmetrical 
arches. 

The change in reaction due to continuity is given by 



the intercepts of the line of action of this reaction being 

P P 

“ Avi Ah; 

It will be seen that the analysis of an unsymmetrical arch differs from 
that of a symmetrical arch in that 

(а) The whole arch ring must be included in the analysis instead of 

only half of it. 

(б) The position of the elastic centroid is unknown both vertically 

and horizontally, whereas in the symmetrical arch the position 

of the vertical centroidal axis is known by inspection. 

(c) The value of I^y must be computed. 

(d) The corrections for dissymmetry must be made to determine 

Mx', Ixi My, ly after M^, Ixj My, ly are known. 

Illustrative Computations. In Figs. 2, 3, 4 and 5 are given illustra¬ 
tions of computations for influence ordinates for kern moments and for 
temperature effects in an unsymmetrical arch and in a symmetrical 
arch. The analysis for an unsymmetrical arch is first followed through 
in detail. This is followed by the analysis for a symmetrical arch, using 
exactly the same form of computations to indicate just what is omitted 
because of symmetry.* 

Uns 3 nnmetrical Arch. The arch analyzed is shown in Fig. 2 and the 
computations in Fig. 3. It has a span of axis of 60 ft., divided into five 

* The analyses and discussion which follow are taken frona '^The Column Analogy,'' 
by Hardy Cross, Bui. 215, Eng. Exp. Sta., XJniv. Ill, 1930. 
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panels of 12 ft. each. The total rise is 20 ft. and the difference in level 
between abutments is 15 ft. 

The arch axis is first divided into fifteen segments of equal hori¬ 
zontal projections. 

Use as convenient trial axes horizontal and vertical lines through 
the highest point of the arch axis. 

Tabulate first the knowm properties of the arch. These are the length 
of each segment L along the arch axis, the distances x and y to its cen¬ 
troid, the depth of the sections at their centers. 

Now compute the elastic areas a, each equal to L/I = 12 L/d®; this 
is for unit vndth of rib. From these compute the statical moments ax 
and ay about the axes of X and F, the products of inertia about these 
axes ax^^j ay-, axy. 

Now tabulate the rris values at centroids of sections for unit loads 
at each of the panel points. A, B, C, D. The statically determinate 
moments will be found for these loads cantilevered from the nearer 
end of the arch. The statically determinate moment on any segment 
between the load and the nearer abutment, then, equals the distance 
from the load to the centroid of that segment. We then compute the 
elastic load P = m^a, the moment of the elastic load about the axis 
of F, Px, and about the axis of X, Py. Note that for any segment 
these three quantities may be written by multipl 3 fing by columns 
(6)j (7), (8), respectively. 

Sum the columns for elastic area, statical moments, products of 
inertia, elastic loads, elastic moments. 

Correct to the centroid. Compute x = /A and y ~ CE,ay) /A 

and the corrections for the products of inertia x^A, y^A, zyA, and for 
the elastic moments xJ2P> VHP- Subtract the corrections. 

Correct for dissymmetry. Write the value of {Ixy/Iy)Ixy under 
and of {Ixy/Iy)My under and write the value of {Ixy/Ii)Ixy under ly 
and of {Ixy/Ij^Mx under My. Subtract the corrections. 

Draw horizontal axis through the centroid. Now compute for a 
load at each panel point the values of the components of the more 
distant reaction Vi = MJ/IJ and hi = My / IJ and the intercept on the 
X axis through the centroid, xi — — P/{Avi), 

Rib-shortening has not been included in the computations. It 
may be corrected for by computing the average intensity of com¬ 
pression for any given condition of loading and from this the change 
of span which would take place if the arch were free to contract. This 
change of span may then be treated as if it were due to change of tem¬ 
perature; equivalent temperature change = fav/P^- 

The components and location of one reaction (at the more distant 




L/rpes for /ferr? ffar?e/7ts 

Fxg. 2. Unsymmetrical Arch — Influence Lines — (See Fig. 8.) 
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abutment) now being known, it is easy to draw the pressuie lines. 
By scaling the ordinate from any pressure line to the kern point for 
any particular cross-section and multiplying by the H value for that 
pressure line, we can compute conveniently the moment about that 
kern point. Thus we can draw influence lines if we wish, by plotting 
kern-point moments at various sections for different positions of the 
unit load. From the kern moments the stresses can be computed 
directly from the formula / = Mkc/I. 

For temperature changes, the horizontal change in span if the arch 
were free to expand multiphed by E is Eet° X 60 ft., and the relative 
vertical movement of the abutments multiplied by E is Eet X 15 ft. 
Omit the constant multiplier Eet° for the time being, and use it later 
as a multiplier for the temperature stresses. It has been shown that 
a linear displacement is analogous to a moment about the axis of dis¬ 
placement. Hence we have on the analogous column elastic moments 
Mx= ±15 and My = T60. That the signs of these moments are 
opposite is determined by the fact that the change of span is analogous 
to a moment about line connecting the ends of the arch axis.* Such 
a moment on the analogous column produces compression on the top 
and left or on the bottom and right of the section. After the line of 
action of the temperature thrust has been determined, the sign of the 
bending moment at any point is readily determined for a rise or for a 
fall of temperature by observing that a thrust is required to shorten the 
span, and a pull to lengthen it. 

These moments M* = ±15 and My = =f 60 are now corrected for 
dissymmetry. The H and V components of the temperature thrust 
are then computed. The thrust, of course, passes through the elastic 
centroid, just as the neutral axis of a beam passes through the centroid 
for pure bending. 

Symmetrical Arch. If the arch is symmetrical, the procedure just 
given is shortened. It is now necessary to consider only one-half of 
the arch ring. By inspection the product of inertia is zero and there is 
no correction for dissymmetry. 

Figs. 4 and 5 show the analysis of an arch similar to the previous one 
except that the span is five panels of 16 ft. = 80 ft. 

Pressure Line Due to Dead Load. In designing an arch, the axis 
should be made to coincide as nearly as possible with a line of pressure 
for the dead load, or for dead load plus live load of half intensity over 
the whole span. This is best done on a large-scale drawing. If the 
arch is spandrel-filled, the pressure line and axis can be made to coincide 
exactly; if the structure has open spandrels the pressure lines are 

* See also footnote, page 56. 
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polygons (except for the load of the rib itself), and so will not exactly 
fit any continuous curve. 

We have at hand, now, a pressure fine which satisfies the laws of 
statics and which either exactly or very nearly satisfies the laws of 
geometry; it is either exactly or nearly the true line of pressure. If 
the axis and the pressure line exactly coincide, no further computation 
is needed, except for rib-shortening. If they do not exactly coincide, 
we may use the set of values for static moments given by the pressure 
line for m values for dead load in the forms shown above.* After de¬ 
termining the change in reactions necessary to satisfy continuity, the 
revised pressure line is drawn and from this all desired bending moments 
are computed. 

The Pressure Line Theorem. The pressure line in an arch is that 
string polygon for the loads which most nearly fits the arch axis. Al¬ 
though this statement of the theorem is not precisely true, it is true for 
the limits within which the fit will be judged. 

This is by far the most important principle in the design of arches — 
the pressure line must fit the axis. The theorem may be proved 
from the column analogy, and the proof illuminates the theorem, for 
if we can draw a string polygon which coincides with the axis, rris will 
be zero throughout, which makes rrii zero, and this polygon is the true 
pressure line as determined by the elastic theory. If the polygon lies 
very near the axis, rris is small and hence m,* is very small, and little if any 
change is required in the pressure line. In other words, we can, by 
looking at a pressure line, judge the accuracy with which the algebraic 
total of the moment area between the axis and polygon is zero (P = 0 
in the column analogy) and also the accuracy with which this moment 
area balances about the axes of the arch {M^ = 0 and My = 0). 

Note that the above discussion neglects rib-shortening and also the 
variation of the thickness of the arch rib. This involves a slight lack 
of precision in the statement. The statement here given is substantially 
that of Winkler in 1879. 

Use of Influence Lines in the Analysis. Except in rare cases the con¬ 
struction of influence lines for use quantitatively in the analysis of con¬ 
crete arches is not justified. Usually dead load stresses govern largely 
in the design, and the live load may be considered as uniformly dis¬ 
tributed. 

A study of any of the many sets of curves that have been published 
shows that the load-divides for stresses at crown or springing lie very near 

In subsequent problems the curve of static moments for dead load is taken as if 
half of the load were cantilevered from each abutment. This is more convenient 
if the analysis is to be entirely arithmetical. 
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the 3/8 point of the span. If it is desired to locate the load-divide more 
accurately, all that is needed is a short section of the influence line ad¬ 
jacent to the 3 8 point as indicated in Fig. 6. From this a correction 

may be deduced as shown by the area 
shaded, to be added to the value com¬ 
puted for the 3/8 load-divide. 

Considering crown moment alone, at 
least six different influence lines may 
be drawn, vith as many points of load- 
divide —for axial moment and for kern 
moment upper fibers, and kern moment 
lower fibers, each with or without rib¬ 
shortening included. Obviously, un¬ 
less the critical one is drawm for the particular fiber being investigated, 
the significance of precision in locating the load-divide is entirely lost. 

Where desired, influence lines may be readily constructed as shown in 
Figs. 2 and 4. Fig. 7 shows the proximity of the load-divide to the 3/8 
point for certain conditions apphed to the arch later analyzed in Figs. 
11 and 12. 

As an illustration of the use of a short section of influence line in cor¬ 
recting the point of load-divide, this correction will be applied to the 


Fig. 6. 


Correction for Shift of 
Load-divide. 


problem described. 

The six possible cases are shown in Fig. 8. The critical one in this 
problem at the crown is that for the upper fiber (lower kern moment) 
with the rib-shortening correction, and at the springing that for the 
lower fiber (upper kern moment) Avith the rib-shortening correction. 
The correction, then, involves the addition of the shaded areas multiplied 
by the load per lineal foot. At the crovm this amounts to 7 lb. per sq. 
in. (777 -f 7 = 784), an increase of 0.9%. At the springing the cor¬ 
rection is 9 lb. per sq. in., a 1.2% increase. 

Clearly, then, elaborate influence lines are not necessary for use quan¬ 
titatively with live load uniformly distributed. They lose their signifi¬ 
cance unless drawn for kern moment wnth or without rib-shortening 
according to the governing condition in the fiber investigated. 

Illustrative Problem. Figs. 11 and 12 show the complete analysis 
of a symmetrical arch for stresses due to dead load, uniform live load 
and temperature change. The procedure follows that already explained 
for drawing influence lines. The load-divides for stress at the crown 
and at the springing are assumed to lie at the 3/8-5/8 point of the span. 
For convenience in computation, the values of m, are computed by con¬ 
sidering the loads as cantilevered from the nearer abutment in all cases. 
If, as is probable, the arch axis has been previously laid out to a large 
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Fig. 7. Influence Lines — Symmetrical Arch. (See Figs. 23 to 28.) 


scale, it may be somewhat more accurate to take these values, in the 
cases of dead load and full live load, from a pressure line which nearly 
fits the arch axis. For 3/8 live load, however, such a pressure line is 
not convenient. 

Maximum moment at the crown due to live load occurs for one of the 
loadings shown in Fig. 9. The crown moment for case (a) is twice the 
crown moment for 3/8 loading. For case (&) deduct case (a) from the 
value for full live load. 
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Fig. 8. Comparison of Influence Lines in Arch. (See Fig. 7.) 


Portions of influence 
Lines of Crown 



Fig. 9. Critical Loadings for Maximum Fig. 10. Critical Loadings for Maximum 
Moments at Crown of Arch. Moments at Springing of Arch. 
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Maximum moment at the springing due to live load occurs for one 
of the loadings shown in Fig. 10. For case (a) find the moment at the 
loaded end for 3/8 loading. The value for case (b) may be got by 
deducting that for case (a) from the value for full live load. 

As in the construction of influence lines above, we first tabulate the 
known properties of the arch ring, 7, A, Xj y, and the computed values 
of rris for each of the three cases of loading. Then compute a, ay, 
ax‘^j ay‘^ and the elastic loads and moments, P(= M‘^(= nisax)^ 

My{= rrisay). Add for totals. Correct to the centroid. 

Now compute y x + y for each kern point. 

A. lx ly 

Compute ms at each kern point and find M = Ms — 

Note that signs are entirely automatic. Positive moment, just as in a 
beam, is such as sags the arch. Coordinates are positive upward and to 
the right. 

Combine dead load, live load and temperature to give maximum mo¬ 
ments and compute the corresponding stresses by dividing by the section 
modulus. 

Finally correct the critical stresses for rib-shortening. This may be 
done directly by proportion from the temperature stresses. 

The average area of vertical sections, Aavj having been determined, the 
equivalent temperature change for a given thrust may be computed 
from 


Aai 


L 

E 


ePLt 


f = 


EtAa 


E 


* The pressure line should also be drawn. By inspection it can be seen whether 
this '^hugs’^ closely the arch axis and so any gross blunders may be detected. If 
a more precise check is desired, use the moments given by the computed pressure line 
as ms values and repeat the analysis. This final analysis will be more precise than 
the former one. It should, however, check it very closely. 

t This is not quite correct for two reasons. 

In the first place the change in span of the free arch ring due to compressions 
produced by a thrust E mH/Ej' {l/A)dXj where A is the area of a vertical section 

through the rib. Now the average of the reciprocals is not equal to the reciprocal 
of the average 1 /A av- But where the variation is not too great, the error is not seri¬ 
ous. If greater accuracy is desired, compute the average of the reciprocals. More¬ 
over, there is, of course, a rib-shortening due to rib-shortening. Except in extremely 
fiat arches it is not important. In such cases it may best be got by successive approxi¬ 
mation. 

The usual method of correction for rib-shortening assumes that 1/(1 + a) =1—0, 
which is good enough if the correction is small. 
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In this problem we have taken E — 3,000,000, e = 0.000,006, Ee = 18. 

In view of the uncertainties as to elastic modulus, effective tempera¬ 
ture change and shrinkage, it seems futile to be very fussy about the 
exact amount of rib-shortening. In general we may expect H/Aav = 
about 300 lb. per sq. in., and the equivalent temperature change about 
15^ to 20^ F. 

For the convenience of the reader, the separate quantities in Fig. 11 
are described in detail as follows: 

Arch Properties: 

d = scaled depth of rib in feet normal to the axis at the centers of 
divisions. 

1 = moment of inertia in feet^ of the cross-section of the rib at the 
centers of divisions. This might be taken with sufficient accu¬ 
racy as l/12bd\ The figures shown, however, include also the 
I of the steel angles figured as equivalent concrete (n = 15),* that 
is, adding an additional (14 X X 4)/144 = 0.692^'^. Then 
7 = dV6 + 0.692d'2 where d' = d/2 - 0.28. (See sketch. Fig. 12.) 

As = scaled length of axis of division in feet for equal horizontal 
lengths of 4.5 ft. The sum of this column of figures, 48.70, is 
the length of the half arch axis and should be checked by inde¬ 
pendent scaling. 

X = lever arm to the center of division along the preliminary X axis 
through the crown point of the arch axis. 

y ^ lever arm (scaled) along Y axis through the crown point. 

a = elastic areas or As/7 values, E being omitted because it is con¬ 
stant. 

ay = moment of the elastic areas along the Y axis. 

From the summation thus found the centroid of the elastic sec¬ 
tion is located as yc = 51.41/14.06 == 3.65 ft. below the crown 
point. 

— lx = moment of inertia of the elastic areas along the X axis. 
== ly = moment of inertia along the Y axis with reference to 
the preliminary axis of X through the crown point. 

Dead Load: 

Ms = static cantilever moment at the centroids of sections due to the 
loads shown in the figure. 

P = ^msU = elastic loads on the column section. 

My = T^rrisay = moment of these elastic loads along the Y axis — 
i.e., about the preliminary axis of X through the crown point. 

* Based on 2000 p.s.i. concrete with E « 3,000,000 p.s.i. for temperature and 
shrinkage. See pages 311-3. 
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Live Load: 

The live load is determined for unit values at the load points. This 
assumes either uniform live load or an equivalent uniform load. The 
method, however, is applicable to any sort of load system. 

For the 3/8 live load the arch is loaded with a uniform live load of 
unit value per panel, extending out 3/8 of the span, or 33.75 ft. from the 
springing. This happens to coincide with point 8 in this problem, giving 
a slight load (0.03) at the load point nearest the center. 

The moments and elastic loads are computed exactly as for dead load. 
Since the 3/8 loading is unsymmetrical it is necessary to compute static 
moments along both axes. 

The signs are consistent with the usual conventions and are indicated 
in the column headings. 

The total elastic area is +14,06 for the half axis and for the full axis 
A = +28.12. Ix = +13150; the vertical axis does not shift, and yc = 
3.65 ft. The ly correction is 

14.06 X 3.652 +187.3 


and is subtracted from +407.4, the ay‘^ summation about the prelimi¬ 
nary X axis. The corrected total is ly = +440.2. 

Next correct the moments of the loads about the horizontal axis. 

The remaining tabulation is convenient for computing the indeter¬ 
minate moment in the form 


rrii 


1 + 7 :"+ 


M. 


■y 


The kern points of the cross-sections at crown and at springing are 
calculated from the relation 


I 2.14 , 

= 5.03 X LOS = 

16 75 

== 9:49 >< £20 = 


with coordinates at the springing of 0.66 ft. vertical and 0.46 ft. 
horizontal. 

In Fig. 12 the coordinates of the kern points with respect to the 
elastic centroid are indicated at crown and springing, and the kern 
moments are found as M = mj — m,- for dead load, for 3/8 live load and 
for full live load. From the kem moments the fiber stresses follow from 
the formula / = Mcjl. A positive value of M represents compression 
in the upper fibers (lower kern moment) and tension in the lower fibers 
(upper kern moment). The multiplier, converting to pounds per square 
inch, is 3.51 for dead load at crown and 0.91 at springing. 
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Fig. 11. Arch Ajialysis — Uniform Live Load. (See Fig. 12.) 
For Influence Lines, See Figs. 7, 8. For Design, See Figs. 23 to 28. 
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Fig. 12. Maximum Stresses for Arch from Fig. 11. 




300 


RIGHT ARCHES OF EEI^^FORCED CONCRETE 


The live load computations to this point are on the basis of a unit 
load per foot. The actual live load is 10.4^ per panel, giving the multi¬ 
pliers shown in the figure. The fiber stresses for other live load con¬ 
ditions follow as shown in Figs. 9 and 10, or from the sketches of the 
influence lines as seen in Fig. 12. Thus, at the crown — upper kern 
writing fiber stresses for total areas, we have 2 X (—87) = —174 for the 
two negative areas and —98 for the total area, leaving +76 for the center 
positive area. 

The temperature stresses are shown for a change of ±40°, and the rib- 
shortening and shrinkage stresses are included for an equivalent drop 
in temperature of 15°. Fig. 22 (6), (page 311) shows the effect of rib- 

shortening alone, on the crown and 
springing moments in the arch. 

Approximate Formulas for Arch 
Analysis. The arch with parabolic 
axis and with (ds)/I constant and 
equal to (dx) /Ic gives simple math¬ 
ematical expressions for its proper¬ 
ties. Such an arch is relatively 
much thinner at the springing than 
is customary in bridge arches and 
in most bridge arches the axis is 
not parabolic; nevertheless such arches furnish a basis for generalized 
expressions for arch properties. 

For such arches we may readily derive (see Fig. 17, page 304) 



Fig. 13. Arch Characteristics as Given 
by Whitney. 
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For a study of influence lines in this connection see Chapter VIII. 

In a valuable paper “ Design of Symmetrical Concrete Arches,” 
Trans, Am, Soc. C. E., Yol. 88 (1925), Mr. Charles S. Whitney has 
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derived influence lines, values of maxinaum moments due to live load 
and elastic properties for a mde range of arches of certain selected 
forms. The arch axes are a family of curves each defined by the 

Load PoMs 



parameter N, and the variation of depth along the axis is defined by a 
parameter m. These parameters are defined as follows (Fig. 13): 

Shape coefficient iV = ratio of the drop of the arch axis at the quarter 

point to the rise of the arch, h. 
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Fig. 16. Influence Lines for Crown Thrust — After Whitney. 


Form coefficient », - for the same ir 

As/1 at the crown 

_ ASj/7i _ Aa;/cos Ic Ic 
^sjlo Is ' Ax ~ Is 
yc ~ distance from the crown to the horizontal neu¬ 
tral axis. 

The values used by Mr. Whitney for the shape factor cover a range 
from W = 0.15 to N = 0.25. The latter is the relative drop at the 
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l^iG. IG. Approximate Constants for Arches. 


quarter point for a parabola. The arches used by him, therefore, lie 
above a parabola, as, for bridge arches, they should. 

Mr. Whitney’s values for the form coefficient vary from m = 0.15 to 
m = 0.40. These represent arches having depths at the springing of 
1.5 to 2.0 times that at the crown. If {ds)/I is constant, m = 1.0. 

Fig. 14 shows influence lines for moments at crown, springing and 
quarter point, and Fig, 15 influence lines for horizontal thrust, from 
Mr. Whitney’s paper. The values in Fig. 16 are compiled from data 
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in his paper. In some cases they are slightly approximate on account 
of the omission of the variable m where its effect is small. Formulas 
deduced either from the paper or from these curves are given in Fig. 17. 
See also Fig. 31. 


APPROXIMATE FORMULAS (BASED ON PARABOLIC CASE) 
WITH MULTIPLIERS FOR AVERAGE ARCHES 



Fig. 17. Approximate Constants for Arches. 

Study of these curves and formulas brings out some very important 
relations, as follows: 

(а) The load-divides are affected very little by the shape or form of 

the arch. 

(б) The variation in shape is more important than the variation in 

form. 

(o) Values for A and for are approximately the same as for beams 
of uniform section, L/{EI) and {LfEI) but the values 
of yc and of ly vary considerably both with the shape and with 
the form. 
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(d) Coefficients for maximinn live load moment at both springing 

and crown vary considerably with both form and shape; 
average values are approximately 
At crown Me = wU 

At springing Ms — -it 

These coefficients are independent of the rise ratio. 

(e) The principal factor in determining temperature stresses is the 

ratio of the thickness of the arch to the rise; for a given type 

ft ^ d/h, 

(/) The dead load stress for a given rib section and given loads varies 
approximately directly as L^/h. It should also be evident 
that for any arch of a given type, rise and span the intensity 
of stress due to the weight of the rib itself is nearly independ¬ 
ent of the size of the rib. 


(An approximate value is 



A-j-L 

h 


1 I? 
8 h 


where L and h are in feet). 


All the above relations are very important in design. 


B. Design 

The term arch ” has both an architectural and a mechanical mean¬ 
ing. Any member having its axis curved upward is sometimes called 
an arch, and the novice is apt to 
think that such members are strong 
and economical because of such 
“ arch ” action. In a mechanical 
sense the arch differs from a beam in 
that it has horizontal as well as ver¬ 
tical forces acting at its ends (Fig. 

18). If the abutments yield so that 
these horizontal forces are relieved 
the arch becomes a beam. No engineer would design a concrete beam 
having a length of 100 ft. and a depth of 2 ft., but an arch with poor 
foundations would be the equivalent of such a beam. 

The arch is a suitable structure for supporting fixed loads because the 
arch axis can be shaped to correspond to the equilibrium polygon for 
the loads, eliminating most of the bending moment. The equilibrium 
polygon for any loading is called the linear arch. Some bending is 
produced even in the linear arch by rib-shortening. 
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The arch is a desirable structure where it has unyielding abutments 
and carries a relatively small live load. If the abutments yield, it is 
usually not economical. If the live load is relatively great compared 
Tvith the dead load it is hkely to prove uneconomical and probably also 
subject to serious vibration. 

Before considering in detail the design of concrete arches, it is well to 
form some idea of the relative cost of the parts which constitute the 
structure. The cost of the deck and its accessories such as handrails 
and posts is entirely independent of the design of the arch rib itself. 
The cost of the fomidations is practically independent of the design of 
the arch rib in arches of single span and the cost of foundations and piers 
is nearly independent of the design of the arch rib in multiple-span arch 
series. 

We may expect the relative cost of these three elements of the struc¬ 
ture to be roughly as follows: 

Foundations 40% 

Deck 30% 

Ribs 30% 

These values will vary considerably with different structures and so are 
to be taken with a wide margin. 

Furthermore, the cost of forms and staging and the rentals on equip¬ 
ment are also largely independent of the design of the arch ribs. This 
gives a total of 10% to 20% of the cost of the structure in which economy 
may be had by more refined design of the arch ribs. 

Now the forces produced by dead load are practically certain, and if 
we neglect for the present the effect of rib-shortening, the size of arch 
rib required to support the dead load is a minimum when the arch axis 
is a string polygon for dead load. Any economies which may result 
from great refinements in analysis or design, then, are possible only in 
connection with stresses produced by rib-shortening, temperature 
changes, shrinkage and with those produced by flexure due to live load. 
Only about 5 to 10% of the total cost is thus under control. 

Suppose we have an arch rib 4 ft. wide and 2 ft. deep so designed for 
maximum compression of 800 lb. per sq. in. that there exists 


Lb. per sq. in. 

Stress due to dead load. 400 

Stress due to live load compression. 50 

Stress due to live load flexure. 200 

Stress due to flexure from rib-shortening, shrinkage and 
temperature change. 150 

m 
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Suppose further that in some way we can eliminate half of the flexural 
stress. We may now reduce the depth of rib about 15% and maintain 
the same total fiber stress. We might thus effect an economy of 1 to 
2% in the total cost of the structure. The actual possible economy is 
normally much less than 1% of the total cost. Of course, such a saving 
— any saving — in cost is worth while, but it is well to have some scale 
on which to base a judgment of the importance of the matter. The 
same saving in the total cost may be got by increasing the working stress 
from 800 lb. per sq. in. to perhaps 825 lb. per sq. in. or by increasing the 
allowable foundation pressure from, say, 3 tons per sq. ft. to 4 tons per 
sq. ft. Important economies, then, are to be sought in the design of the 
foundations and deck, and in the methods and materials of construction. 

In concrete arches of very long span for highway loading such as 
have been built in Europe, the relative importance of the live load is 
small. Careful studies are worth while in such cases to reduce as far 
as possible the flexure due to rib-shortening, to shrinkage and to changes 
of temperature."^ 

As regards dependability, the arch ranks very high if foundations are 
suitable. The authors know of no case of failure or obvious overstress 
of a right arch except when accompanied by foundation failure. Cases 
of poorly designed foundations and of unsatisfactory floor construction, 
however,'"may be found. 

Choice of Type and Form. Two general types of bridge arches are 
to be considered: (1) spandrel-filled, (2) open-spandrel. The spandrel- 
filled arch has distinct advantages for short spans and low spandrels, 
and is indicated for short spans with heavy live loads. For deep span¬ 
drels, or span lengths above 100 ft. even with moderate rise, the dead 
load due to the great weight of fill may become excessive. The filled 
spandrels probably have some advantage in railroad bridges in reducing 
impact and vibration. 

The open-spandrel type usually consists of two or more separate arch 
ribs, although a solid curved slab may be used. The floor loads are then 
applied to the arch ring through the spandrel posts in the usual deck 
type of construction, or by means of hangers where the topography 
makes through construction preferable. The spacing of the posts in the 
spandrels is a matter for separate investigation, involving, in addition 
to esthetic considerations, the relative economy of the stringers as 
compared with floor beams and posts. Where separate ribs are used 

* The reader is referred to Jour, of A.C.I., March, 1932, for ^'Progress Report on 
Limitations of the Theory of Elasticity,"' by Charles B. Whitney, author-chairman. 

See also ^‘Reduction of Deformation Stresses in Fixed Concrete Arches" by J. F. 
Brett, Jour. West. Soc. Engrs., September, 1926. 
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to make up the ring they should be adequately braced transversely by 

cross struts. 

Design of the arch ring involves a study of the shape of the axis, of 
the variation in thickness along the ring and of the ratio of the rise to the 
span length of the arch. These are in turn related to the character of 
the loading, the type of spandrels and the characteristics of the spanned 
opening. After all these factors have been studied, esthetic principles 
will usually suggest changes of form or even an entire change of type. 
The structure should be simple in detail, pleasing in outline and in 
harmony with its surroundings. An arch is generally poorly designed 
if it is not beautiful, since it lends itself naturally to esthetic treatment 
without added expense. 

In many cases the rise ratio is pretty well fixed by the clearance require¬ 
ments. It will usually be made as great as possible, since both the dead 
load thrust and the temperature moment decrease with increased rise. 

Thickness of the Arch Ring. In general, economy in the arch rib is 
indicated by securing minimum crown thickness. In any span it is 
economical of material to throw the dead load toward the abutments j 
advantages are evident in savings in falsework and labor in placing 
material. Thinner crowns result in lower temperature stresses and 
usually in more artistic lines. 

For arches of long span the proportions of the rib require considerable 
study. For shorter arches slight economies in the arch ring have a 
minor effect on the cost of the entire structure. In general, the thick¬ 
ness along the ring will increase only slightly to the haunch and then 
more rapidly toward the springing, where it will usually be from 1| to 
2| times as great as at the crown. 

Various empirical formulas have been proposed for estimating the 
thickness of the arch ring, but none are very satisfactory. The best 
method is to make an approximate computation of the section required 
at crown and springing and from these sketch in curves that are pleasing 
to the eye. 

Having first decided on the type and form of arch, and roughly 
designed the floor system, a fair estimate can be made of the dead load. 
With the loads known, the section at the crown and springing can be 
estimated by trial, using the approximate formulas of Fig. 19. In the 
absence of other specifications an allowable stress of 800 lb. per sq. in. 
for 2000-lb. concrete* is recommended, of which one-half or 400 lb. may 

* Concrete with an ultimate strength of 2000 lb. per sq. in. is a little out of date, 
but to many engineers it still furnishes a good basis for general relations. The arch 
designed in Figs. 23-28 was actually built about ten years ago under specifications 
calling for 2000-lb. concrete. 
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be allowed for dead load with proportionate values for higher ultimate 
strengths. 

In the formula for thrust (Fig. 19), W is the total dead load assumed 
uniformly distributed. The crown thrust He is found for the condition 
of zero moment at the crown and springing. In a spandrel filled arch, 
or in other cases where the dead load is not approximately uniformly 
distributed, the coefficient 1/8 could 
be modified accordingly, taking mo¬ 
ments about the crown as in any 
three-hinged arch. For a known 
width of rib (corresponding to the 
loads assumed), say 1 ft., the crown 
depth in inches is approximately dc = 

He/{12 X 400). Using a suitable fig¬ 
ure of approximately this depth the 
stresses due to live load, temperature 
and rib-shortening can be computed, 
and if the total differs much from the 
allowable value, the trial depth should 
be changed accordingly. 

In the formula for live-load mo¬ 
ment, w is the intensity of loading per unit of length L, and is the 
moment at the kern point of the section. From it the fiber stress follows 
in rectangular sections as / = 6ikfV-4d. 

The depth at the springing is obtained in the same way, Ts being the 
thrust normal to the skewback. The temperature stresses are assumed 

the same at crown and 
springing. For arches of 
moderate rise, rib-shorten¬ 
ing stresses will be included 
in the values given. 

With the depth of rib at 
crown and springing esti¬ 
mated and the shape of 
axis approximately deter¬ 
mined as later explained, 
the variations in the thick¬ 
ness along the axis can be 
sketched by eye for the preliminary trial. Generally the increase in 
thickness at the quarter point will be somewhat less than one-fourth of 
the total increase. Note in this connection that variations in thickness 
of the arch ring have little effect on the moments, whereas variations 
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in shape of the axis make considerable difference in the results. For flat 
arches, small inaccuracies of construction, amounting to say 1/4 or 1/2 
in. vertically may give errors as high as 10 or 15% in the moments. 
The curves for the intrados as finally selected can usually be closely 
approximated as circular arcs, using either three or five centers as shown 
in Fig. 20. 

Shape of the Arch Axis, In studying the arch axis it is important to 
be able to visualize the relations of equilibrium polygons to load systems. 
The rate of change of slope of the curve per horizontal foot is propor- 
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Fig. 21. Analysis for Shape of Arch Axis. 

tional to the intensity of vertical load per foot. Fig. 21 shows methods 
of finding the appropriate shape of the axis. 

The curve of equilibrium for loads uniformly distributed horizontally 
is, of course, a parabola. Hence, a parabolic arch for uniformly distrib¬ 
uted load is subject only to compressive stresses if rib-shortening is 
neglected. An elliptical arch, then, is appropriate for relatively heavy 
loads near the abutments; a triangular arch (A-frame) for central con¬ 
centrated load. The geostatic arch of Eankine is of interest in this 
connection, being the curve of equilibrium for active earth pressure as 
given by his theory and hence appropriate for tunnel arches. For any 
condition of loading, the appropriate curve of equilibrium can be deter¬ 
mined either directly or by a few simple sketches. The use of a shape 
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of arch axis not suited to the loading is structurally unsound and 
esthetically unsatisfactory. 

Owing to the relatively greater dead load at the springings, the string 
polygon for dead load will usually fall outside the parabola along 
a~b-c~d-e, as indicated in Fig. 22 (a). The effect of rib-shortening (the 
horizontal shortening of the axis due to thrust) is to produce positive 
moment at the crown and 
negative moment at the 
springing, as indicated in (6). 

If economy lies in a mini¬ 
mum crown thickness, the 
positive effect of the rib¬ 
shortening moment at the 
crown may be counteracted 
by bringing the arch axis 
under the DL curve in the 
haunches, as shown in (c), 
producing an initial negative 
dead load moment at both 
crown and springing, in con¬ 
formity with the pressure line 
theorem. The arch axis 
then, for arches of moderate 
rise, should lie between the 
dead load polygon and a parabola. This is usually accomplished by 
giving the axis the shape of the string polygon for dead load plus live 
load of half intensity over the entire arch. 

For very flat arches, an axis following more closely the curve of dead 
load alone will tend to reduce the section at the springing, but such 
arches require careful study for the best solution. Evidently rib¬ 
shortening stresses cannot be eliminated by changing the shape of the 
axis. The effect of rib-shortening can be counteracted at the crown or 
at the springing, but not completely at both. 

Temperature Effects. Temperature and rib-shortening stresses be¬ 
come of particular importance in arches of low rise ratios. A 40^" tem¬ 
perature range either way from an arbitrary mean is common, although 
this obviously deserves careful study in different localities. 

Temperature stresses are caused by restraint to free deformation and 
are therefore dependent upon the modulus of elasticity. A rise in 
temperature raises the crown, producing negative moment there and 
positive moment at the springings; a drop in temperature has the 
opposite effect. Plastic flow or time yield in the concrete becomes of 




Fig. 22. Axis for Reduction of Rib-shortening 
Moment at Crown. 
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importance in considering temperature effects as it bears directly on the 
value of E. It is necessary to distinguish somewhat between changes 
that occur within, say, a month, and those that are slow or seasonable. 


(1) 6/VENDATA 


ILLUSTRATIVE PROBLEM 

DESIGN OF A SYMMETRICAL REINFORCED-CONCRETE ARCH 

Hf'gf/iway Loading-20 ft Clear Roadway 
R. C. Carfacing -Mo walks . ^ 

LI +1 -Temperature Ckange 40 ; 

n = 800^/sg/n. 


(2) PROFILE-TEMTATJVE ARCH 
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(3 ) TYPE OF 5TRUCTURE - Open Spancfrei 

Two Ribs -24 "wide-18 - 0 "c-c. 
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16 _ 



ForDl. assume rib 


‘’\2't4'ci 


at crown 
Cat springing 
Combining the weight of this section 
with that of the floor and spandrels 
the calculated dead load will be as 
indicated. 86^90-60%''' 


Fig. 23. Arch Design — Figs. 23 to 28. 


The Central States have a monthly variation of air temperature of about 
60° Fahr. superimposed on a slow seasonal variation of about 60° Fahr. 
in both air and concrete. The monthly variation is probably too rapid 
for the plastic yield of the concrete to affect the results materially. 
For the seasonal changes, however, plastic 3 deld equivalent to a reduction 



DESIGN OF SYMMETRICAL REINFORCED CONCRETE ARCH 313 


in elastic modulus to perhaps one-third its normal value is not im¬ 
probable. 

A reasonably conservative value for F may be taken as 3,000,000 
lb. per sq. in. 
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(7) THE ARCH AXIS. ^ 

Thrust due to LL of half intensity H--^ -37^ LL 

197 D.L 
H= 234^ 

Panel LL of half intensity 5x580 ~5.2h Adding to the 
previous D.L values gives the totals indicated beiow, from 
which the shape of the axis follows as tabulated. 


Fig. 24. Arch Design — Figs. 23 to 28. 


Illustrative Problem. Design of a Symmetrical Reinforced Concrete 
Arch. Figs. 23“28 show design calculations for a small highway arch. 

Calculations for the floor and spandrels are not shown. The data 
from this part of the investigation as affecting the design of the rib are 
indicated in (4) and the calculated dead load panel concentrations in (6). 

The final design is that of the arch previously shown in Figs. 11 and 
12. The preliminary results are seen to be satisfactory. 

For influence lines for this arch see Fig. 7. 
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C, Continuous Arches on Elastic Piers 

Analysis of Continuous Arches. Arches may occur in frames in 
which they are continuous mth their piers or columns and also with 
girders or with other arches. The subject of bridge arch series on slender 
piers has occupied an increasingly important position in American litera¬ 
ture in recent years. Combinations with girders offer interesting possi¬ 
bilities in bridge construction as well as in buildings. 

Several methods are available for the analysis of such cases.* Of these 
the method described below is recommended for simplicity. Essentially, 
it is merely a modification of the method of distributing fixed-end mo¬ 
ments and thrusts. 

Consider the series of two arches and a pier shown in Fig. 29. Suppose 
that some condition of loading produces thrust fines as shown when the 
top of the pier is restrained against movement. 

We may now distribute the unbalanced horizontal thrust on the pier 
to the three members (two arches and pier) in proportion to their 

thrust stiffness.'" This thrust stiffness may be defined as the hori¬ 
zontal thrust needed to produce unit horizontal displacement without 
rotation when the other end of member is restrained. This will set up 
unbalanced moments at the pier top which are to be combined with 
the original unbalanced moment. 

The total unbalanced moment may now be distributed among the 
thi'ee members in proportion to their moment stiffness." This term 
may be defined as the moment necessary to produce unit rotation without 
displacement when the opposite end of the member is restrained. 

This latter distribution will now produce unbalanced thrusts at the 
pier top and the procedure must be repeated until the joint is accurately 
balanced for both horizontal forces and for moments. 

The procedure just indicated is easy to follow because it uses the 
methods of moment distribution with which the reader is already 
familiar. However, it has the disadvantage that the unbalanced thrusts 
due to rotation and the unbalanced moments due to displacement are 
usually quite large. As a consequence the series of values converges 
slowly. 

Recommended Procedure. The rotation of the joint may be pro¬ 
duced about any point instead of being produced about the more ob¬ 
vious pier top. This point may be so chosen that the thrusts produced 
by displacement of the pier top (without rotation) produce no total 
unbalanced moment about this point. If the point is so chosen, it will 

* For a general discussion of methods, see ^^The Column Analogy,” Bui. 215, 
Eng. Exp. Sta., Univ. Ill., pages 71 et seq. 
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also be true that the thrusts produced by rotation of the joint about 
this point will produce no total unbalanced thrust. 

To simplify the final data, it is also convenient to show the results of 
balancing the joint by the resulting changes in thrusts in each member, 
both the magnitude and position of the changes in thrust being shown. 
From these data all other values may be computed by statics. 



Thrusts in the arches are taken as positive and pulls as negative.* 
The pier thrusts may be got by subtraction. Moments in the arches 
follow the convention of signs customary for such moments (positive 
moment produces tension on the intrados of the arch). Positive thrust 
acting above any point (with positive lever arm), then, produces positive 
moment. 

Five sets of values depending on the physical properties of the members 
are now needed for the solution of this problem: 

(а) The location of the point about which the pier top is to be rotated 
if the resulting thrusts are to be balanced or about which the moments 
are balanced if the pier top is displaced without rotation. For con¬ 
venience of identification, this point is called hereafter the “ neutral 
point ” of the joint. 

(б) Values of “ thrust stiffness ” for each of the three members. 
These are the thrusts needed to produce unit displacement of the ends 
of the members without rotation. 

(c) Values of “ moment stiffness for each of the three members. 
These are the moments needed to produce unit rotation of the ends of 
the members about the neutral point of the joint without displacement 
of the neutral point,. 

* It would have been more consistent with the footnote of page 56, Chapter III, 
if tension in the arch instead of thrust had been taken as positive. It evidently makes 
no difference here in the solution. Using positive values for thrust has the justi¬ 
fication that thrust is the normal condition in an arch. 
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{d) Location in each member of the line of thrust for displacement of 
the joint without rotation. 

(e) Location in each member of the line of thrust for rotation of the 
joint about the neutral point without displacement of the neutral point. 

As will now be showm, these values are readily deduced by the column 
analogy from data necessarily found for analysis of the members when 
treated as fixed-ended. For symmetrical arches we may deduce readily 
a series of convenient formulas for these quantities. 

The method indicated is applicable for any combination of loading or 
distortion. It is recommended for complete study of an arch series that 
unit thrusts and unit moments be distributed at each neutral point 
separately. The procedure is expedited if unit thrusts and moments are 
first distributed at a joint near the center of the structure. For sub¬ 
sequent distributions at joints on either side, this joint may be held 
rigid and the resulting thrusts and moments then distributed by use of 
the factors already found. Thus successively the distribution of thrusts 
or moments is more rapid as we consider joints further removed from the 
center of the structure. See pages 104-5 for application of this pro¬ 
cedure to continuous frames. 

Where this procedure is applied to a series containing more than two 
arches it is necessary to distribute not only the original unbalanced fixed- 
end thrusts and moments but also those coming to the joints from other 
joints. It has been found convenient to write only the values carried 
over during the process of distribution. Since the moments distributed 
and those carried over may be expressed as thrusts acting along the line 
of thrust for such distribution, the final result is obtained in terms of the 
changes in thrust. 

In computing the effect of rib-shortening, of shrinkage or change of 
temperature, or of movements of the foundations, it will be found con¬ 
venient to assume first that all movement takes place in the arches, the 
piers being without distortion, and then to compute, by the column 
analogy, the terminal forces (moments and thrusts) needed to restore 
continuity at the pier tops just as if the arches were isolated spans. The 
unbalanced forces thus computed are then to be distributed as is done 
below for unbalanced forces due to loads. 

Thus horizontal movements (change of span which would be produced 
by shrinkage, change of temperature, or rib-shortening in the arches, 
or by horizontal movements of piers without rotation) are to be treated 
in the column analogy as My values for the arches involved; vertical 
movements (change of level of springings due to shrinkage, change of 
temperature, or rib-shortening in the piers, or to settlement of piers 
without rotation) are Mx values on the analogous columns corresponding 
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to the arches; rotations of the bases of piers are to be taken as loads on 
the analogous columns for the adjoining arches. Studies of the effect of 
rotations of the foundations of high piers will be found especially illuminat¬ 
ing as indicating the importance, discussed below, of giving careful atten¬ 
tion to balancing thrusts from dead load and from change of temperature. 

The constants for symmetrical arches in Figs. 30 and 31, and for un- 
S 3 mimetrical arches in Fig. 37 may be used conveniently in determining 
the forces just discussed. 



Fia. 30. Continuous Arches — Thrust Lines in Symmetrical Arch. 

Distribution Constants. These quantities for symmetrical arches are 
shown in Fig. 30. Four constants, designated ci, C 2 , Ca and C 4 , are de¬ 
duced from the physical properties of the arches. The values needed 
are given in Fig. 31 for arches analyzed by Charles S. Whitney.* 

The constants may be deduced from the column analogy. Horizon¬ 
tal displacement of the end of the arch without rotation corresponds 

* Design of Symmetrical Concrete Arches,” Trans. Am. Soc. C. E., Vol. 88, 
page 93i; 1925. 
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to flexure of the analogous column section about a horizontal axis. 
The thrust line (neutral axis) is the horizontal centroidal axis of the 
analogous column section. The thrust for unit displacement is the 
stress on the analogous column section at unit vertical distance from the 
neutral axis. Therefore 


Thrust stiffness = 


1 X 1 

ly 


I 

ly 
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Unit rotation about the neutral point of the joint corresponds to unit 
load at this point on the analogous column section. The resulting thrust 
acts along the neutral axis of the analogous column section for this load, 
and the thrust equals the fiber stress for this load on the column section 
at unit vertical distance from the neutral axis. The neutral axis may 
be conveniently located from two points at which the fiber stress is 
zero. Hence (see Fig. 30): 
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and 


Hence 


and 









0 

0 


The moment about the neutral point produced by unit rotation about 
the neutral point is the fiber stress at this point for unit load there on the 
analogous column section. Hence 


Moment stiffness 


L 

A. ju ^ ^ ^ ^ j 

A ^ 


A 


+ 


(f 


■ + d^ 


Y = (dd' + d^)Y = d(d + d') -I 


The horizontal thrust produced may be found by dividing the change 
in moment at A by the lever arm {d + d')j or by dividing that at B 
by {d — d'O at B. 

The constants needed for the pier are 1/Iy for determining the thrust 

1/A 

stiffness, the location of the elastic centroid and locating the 

1 / 

thrust line for rotation and for finding from this the moment stiffness. 

Illustrative Problem. The application of the method is indicated for 
the arch structure of four continuous spans shown in Figs. 33 and 34. 
The arches are all assumed to be of the same type according to Whitney^s 
classification, m = 0.40, N = 0.20. The piers, for convenience, are 
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assumed to have no batter. The spans, rises and crown thicknesses 
of the arches and the height and width of the piers are first listed. The 
essential constants for arches are then found from Fig. 31. These are 
the preliminary data. 

First compute the relative values of l//y for all members. This 
value has been taken as unity for the first arch, and those for other 
members are found by proportion from the formulas for \/Iy shown. 

Let yc be the distance from pier top to horizontal centroidal axis of an 
arch or pier. 

Find the d values so that = 0 at each pier. 

From the values of dd^ = find values of d'. 

Find d" == c^d' for the arches. The values of d, d' and d" locate the 
thrust lines in the arches. 

Find d(d + d')l/Iy as a measure of the moment stiffness at each joint. 

Determine for the arches distribution factors for the thrust at each 




for each member. 


pier top as - 

ly 

The moments about the neutral point of the joint at each pier top are 

d{d+d')j 

to be distributed in the ratio - — 


These distributed mo- 


d(d + d')j-J 

ments in the arches are produced by thrusts acting along the thrust lines 
for rotation at the neutral point and produce moments about the neutral 
point at the other end of the arch equal to this thrust multiplied by its 
lever arm. The moments at any joint are, then, carried over to the 
other end of the arch in the ratio 


z 


daida + d/) T 

_ 


da{d, + da') 


dt - da" 

da da' 


where the subscript a represents values at the joint at which the dis¬ 
tribution is being made and the subscript b represents a value at the 
other end of the arch. These relations are best seen in Fig. 32. 

We have now determined the essential constants to be used in the 
distribution. These are 

(a) The distribution factors for unbalanced thrust, or the percentages 
of the unbalanced thrusts to be carried over to the other end of thc! arches, 
which is the same thing. 
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(6) The percentages of the unbalanced moments about the neutral 
point to be carried over as moments about the neutral point at the other 
ends of the arches. 

(c) The location of the thrust lines for distributed thrusts and for 
distributed moments. 



Fig. 32. Continuous Arches — Thrust Lines in Symmetrical Arch. (See Fig. 30.) 

For the arches of this problem, these values are shown in Fig. 33. 

In this series of arches we have analyzed for only one condition of 
loading, a load of 0.2^ at the center of arch BCj Fig. 34. 

We first find, from the influence lines for fixed-end arches, the thrust 
and end moments for this condition of loading. (See influence lines. 
Figs. 14 and 15, pages 301 and 302.) 

H = 0.256 = 128.0 

h 

M = 0.054 PL = 1080 

These end moments are then referred to the neutral points of joints B 
and C, giving M = +2860 at B, and M = +3310 at C. 

First distribute the unbalanced thrusts. Thus 

128 X 0.0111 = 1.42 from B to A 
128 X 0.0135 = 1.73 from B to 0 
128 X 0.0310 = 3.98 from C to B 

One more distribution has been made. 

The total thrusts carried over are now converted into moments 
about the neutral points by multiplying by the distances from these 
neutral points to the thrust lines for distributed thrusts. These mo¬ 
ments arc then added to the original fixed-end moments. 

Now carry over the distributed moments. Thus 
51 X 0.099 = 5 from A to B 

2684 X 0.108 = 290 from B to A 
2684 X 0.192 = 516 from 5 to C 
3229 X 0.221 = 713 from C to 5 
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Fig. 33. Continuous Arch Series — Constants for Analysis. (See Distribution 

in Fig. 34.) 
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Fig. 34. Continuous Arch Series — Distribution of Thrusts. (For Constants 

Used, See Fig. 33.) 
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The process is then repeated as usual in moment distribution. Three 
distributions have been made. 

The total moments carried over are now divided by the distances from 
the thrust lines to the neutral points at the ends to which the moment is 
carried to give the thrusts. 

These thrusts are then distributed as were the original unbalanced 
thrusts, though in this case it is scarcely worth doing. 

Now find the total thrust carried over by distributing thrusts (-3.63 
— 1.47 = —5.10), the total carried over from B to C (—9.70) and the 
total carried over from C to B ( — 16.25). 

The remaining problem of finding the resulting changes of moment 
at crown and at the two springings is one of statics. Each change of 
thrust is multiplied by its lever arm about the springings and the totals 
determined. The change in moment at the crown is found as the 
average of the changes at springings less the change in thrust times the 
rise. 

A simpler example is shown in Fig. 35. The distribution factors 
are assumed to be as given. Note that the end arches do not appear 
in the distributions.* 

Influence Lines for Moments. The influence lines for moment due 
to vertical loads on an arch fixed at ends may be drawn by producing 
about the axis of the section relative rotation of the two sides of the 
section to be studied. Vertical displacements of load points divided 
by the rotation will then be influence ordinates for the moment to be 
studied.! 

If the arch is one of a series the forces producing the rotation will 
produce also rotation and displacement of the ends of the arch (pier 
tops), and these movements will produce further vertical displacements. 
The influence line, then, for loads in the span may be considered to be 
made up of three parts (see Fig. 23, page 269): 

(а) The influence ordinates for the arch fixed at ends. 

(б) Changes in influence ordinates produced by spread of the ends of 
the span due to the forces generating the influence line. 

(c) Changes m influence ordinates produced similarly by rotations 
of the pier tops. 

Studies of a large range of cases have shown that the third factor is 
relatively unimportant. The shape of the curve showing the changes 

*This problem is taken from “Analysis of Continuous Frames by Distributing 
Fixed-End Moments,” Proc. Am. Soc. C. B., May, 1932. The entire paper and dis¬ 
cussion from May, 1930, to May, 1932, is published in Vol. 90 of the Trans. Am; 
Soe. C. E., 1932. 

t See discussion of Miiller-Breslau’s Principle, pages 79 and 247. 
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due to the second factor have the same shape as the influence line for 
crown thrust for the fixed-end condition, and the error is not very 
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Fig. 35. Symmetrical Continuous Arch Series — Distribution of Thrusts. 


great if it is assumed that the whole change (6 and c combined) follows 
the same variation. 

It is possible then to construct rapidly influence lines which are quite 
close approximations by computing moments for a load at the crown of 
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eacii arch of the series successively. These give one ordinate in each 
span on each of the influence lines for the continuous series. By draw¬ 
ing the influence lines for the fixed-end condition and adding lines having 
ordinates proportional to those for crovm thrust and with a value at the 
center to give the computed total influence ordinate, approximations 
very helpful for preliminary work and usually sufficiently accurate for 
final design are obtained. 

In Fig. 36, influence lines are plotted for crown moment at D and for 
springing moment at B in span BC of Fig. 34 for loads in span BC only. 



Fig. 36. Approximate Influence Lines for Moments at Crown and at Spring¬ 
ing — Span BC of Series Shown in Figs, 33-34. 


See also discussion of influence lines for continuous arches in Chapter 
VIII. 

The influence lines may, of course, be filled in with greater accuracy 
by placing loads at other points on the spans. How much detail is 
desired must be determined by each designer for his own case, but the 
studies need not be very laborious. 
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Balancing Thrusts and Moments m Continuous Arch Series. It is 
evident that foundation distortions may produce serious stresses in 
arches resting on high piers. Since such distortions are most likely to 
be produced by loads of long duration, as well as because of the im¬ 
portance of dead load and temperature change in the analysis, it is 
desirable that the fixed-end moments, and even more important that 
the fixed-end thrusts, be balanced at each pier top for dead load and for 
change of temperature. 

If the arch axis follows the string polygon for dead load, there will be 
no moment at the springing from dead load. The thrust 


for the same load intensity on all arches. The load per foot, due chiefly 
to the deck, is approximately the same in all spans. For balanced 
thrusts, then, we should have 

h oc 


This is often difl&cult to get, since, if the span varies, either the level of 
the roadway must be varied or the springing levels of the spans must be 
different. This often results in considerable assymmetry in the arches. 

For arches of constant width and of given proportions — that is, for 
the same values of N and m as given by Whitney — we have for thrust 
and moment at springing due to change of temperature 


Ht 



Tl/T 


But if, as is more important, we have balanced the dead load 


Hence 


h oc 


Ht 


oc 


L* 


Tt/r ^ 

Mr « p 


To balance the thrusts, then, we should have d® « and even then the 
temperature moments will be slightly unbalanced. 

Unssmunetrical Arches in Continuous Series. The formulas above 
for the properties of the arch are slightly modified where the arch is 
unsymmetrical. The thrust line for displacements is no longer hori- 
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zontal. All ordinates, however, are conveniently measured from this 
thrust line. (See Fig. 37.) This thrust line is inclined to the hori¬ 
zontal axis at an angle tan~^ 7*. The thrust line for rotation about 
0 is located with reference to the thrust hne for displacements by the 
values d' and d” of the intercepts. 

These relations may be deduced from the colunm analogy. Evi¬ 
dently they represent the general case, of which the symmetrical arch is 



MomentSfiffhess about O— ci(d+d')~ 

h 

Fig. 37. Continuous Arches — Thrust Lines in Uns 3 unmetricai Arch. 

special. The neutral point of a joint is to be so located that '^{djly’) 
= 0, where, if the arches are symmetrical, 7/ = ly. 

D. Effect of Superstructure 

Where, as is usually the case in a spandrel-braced arch, the dock 
merges with the arch rib near the crown, or where the columns near 
the crown are very short, the usual method of analysis in which the 
arch rib is treated as an independent structure is inadequate. The rib 
and superstructure really act together, the resulting structure being 
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very much stiffened near the crown. The long flexible columns near 
the springing have less effect. 

This action affects the forces produced by live load and temperature 
change, and it affects materially the resistance of sections near the 
crown of the arch. It also sets up stresses, which apparently may be 
quite high, in the short posts near the crown. 

Effect of Superstructure on Design. The exact analysis of the en¬ 
tire structure presents an interesting problem in mechanics. But the 
interest of designers is not in the problem in mechanics but in develop¬ 
ing a safe, consistent and economical structure. No great economy is 
to be expected from trying to design the structure to act as a whole. 
The moments due to live load are very much decreased, it is true; but 
those due to dead load are scarcely affected, and those due to change of 
temperature are not decreased and may even be increased. Assume that 
in a given arch rib 60 in. wide and 30 in. deep designed by the usual 
method wo have 

Unit stress due to weight of rib = 100 lb. per sq. in. 

“ deck = 400 

“ live load = 300 

temperature = 200 “ 

1,000 lb. per sq. in. 

Assume now t/hat the computed moment due to live load is decreased 
50% if the st-ructuro is analyzed as a whole and that the section is to be 
decreased to maini.ain ilie same unit stresses. As the rib depth is de¬ 
creased 

Unit/ stress due to weight of rib is unchanged. 

deck varies as 1/rf. 

live load varies approximately as 1/dl 
temperature varies approximately as ri. 

Try deptli == 25 in. 

llib = 100 lb. per sq. in. 

Deck 400 X 18 =480 

Live Load (18)^ X 300 = 220 
Temperature 200 X U 

970 lb. per sq. in. 

Or wc may get llie same total unit stress by changing the width to 
51 in. and leaving the depth unchanged. In one case we save 17% and 
in the other 15% of the quantities in the rib. But only about ono-third 
of the cost of the rib varies with the quantities, and the cost of the 



332 


RIGHT ARCHES OF REINFORCED CONCRETE 


rib is only about one-third of the total cost. We have, then, saved 
less than (1/9) 16% = 2% of the total cost of the structure. 

But if we hold the same sections for the columns, we have lowered 
the factor of safety of the structure. We are now depending upon the 
strength of these columns not only to carry their own load but also to 
assist the main arch rib. 

Evidently the above computation is based on assumed values which 
permit of wide variation, but they give some scale on the relative im¬ 
portance of the elements involved. As the span becomes greater, the 
proportion of the total cost represented by the rib becomes larger, but 
the effect on the large rib of the small spandrel columns becomes smaller 
and for very long spans is entirely negligible. 

The general conclusion indicated is that it is inadvisable to depend on 
the superstructure to assist the arch rib. We are dealing here with 
secondary stresses in the superstructure, objectionable and largely 
unavoidable, but not to be depended on to do the work of the main 
structure. As usual, the design involves sound judgment as well as 
stress analysis; and judgment is more important. 

It may be thought that the interaction of rib and superstructure may 
induce excessive stresses in the columns. Analyses seem to indicate 
high flexural stresses in the short columns near the crown. But the 
authors have not been able to find any evidence that these stresses have 
done any damage in existing arches. 

Effect of Expansion Joints in the Deck. Some engineers try to avoid 
these secondary stresses by placing joints in the floor. Some have 
stated that the omission of such joints results in excessive cracking of 
the floor, though it is not clear why this should be the case. 

Some appear to have thought of such joints as similar in action to 
expansion joints in a viaduct, others as a means of making rib and super¬ 
structure act independently. A little consideration will show that the 
first viewpoint is incorrect. Consider the arch shown in Fig. 38. If 
the structure were on rollers at the ends, there would be no stress duo 
to expansion. Now push back the abutments. The bottoms of the 
columns now move toward the center, and the tops tend to tip out from 
the center. It will be found that the tops have moved out, except near 
the ends of the span, and that most of the deck, which would be in 
compression in a viaduct, is in tension in the arch. Thus the effect 
of expansion is different in nature in the arch owing to the tipping of the 
posts, and is also opposite in sense. 

Some idea of the action of the deck may be had by estimating the 
increased resistance of the portion of ^the arch near the crown. The 
position of the axis and the I value at the saddle may be computed; 
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beyond the saddle the problem is more complicated, but a guess as to 
the position of the equivalent axis and the equivalent I value (relative 
rotation per unit of length for unit moment) may be made (see Fig. 38). 

From studies of the distortion of the composite structure it appears 
that expansion joints are ineffective in separating the action of rib and 
deck. There is a considerable body of evidence to show that they are 
really not needed except at the end of the span. There are objections 
to their use on the grounds that joints are usually points of disintegra- 



and ^Sapersfrucfare wif/h 
Expam/on Jo/nf at A 


" 'E/d 0/7cf Sppensfrucfure 
|/l^ Expo/7s/o/?Jo/nt 


ARCH AX/E / j/ALUE 


Rib Ahr/e - 


j I ' Rib or/d Eupersfructure : 

j I I No Expansion Joint — 

I j j Expansion Jo/nt of A 

R/'b and Euperatrucfurp 
' Expa/?^ion Jo/ntp^ 


^bA/dne^ 

-Il£/ues- 


/ . ^^4 

^/^Rib and Jupensfrpcture 

--~— ^Expom/bn Joint at A 


Fig. 38. Effect of Superstructure of Arches. 


tion duo to weathering, as may bo observed in almost any concrete 
structure, that they produce a slightly objectionable discontinuity in 
the roadway, and that they produce local movements in the handrail 
or parapet, which may and often do result in unsightly spalling. That 
the prevailing tendency of practice is against the use of expansion joints 
except at the ends of the span is shown by the following survey made 
by Mr. K. K. Timby, and published in Engineering Ncws-Rccord, March 
17, 1932: 
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TABLE I 


Expansion Joints in Existing Bridges 


Span, 

Ft. 

TA.'pe 

Location of Expansion Joints 

Sub-Total 

Total 

Spandrel 

Columns 

Transverse 

Spandrel 

Walls 

Piers Only 

Piers and 

J Points 

Piers and 

J Points 

Piers and 

1 Points 

Every 30 Ft. 

Every 

Spandrel 

Connect. 

0-100 

A 


24 

23 



5 

15 

67 

84 


A 

8 





9 

17 

101-150 

A 


23 

IS 

7 

5 

6 

4 

63 

73 


A 

2 

8 





10 

151-200 

X 


13 

4 

2 

2 

1 

6 

28 

28 


A 








201-310 

X 





1 

1 

6 

8 

9 


A 

1 






1 

Sub-Total 

X 


60 

45 

9 

8 

13 

31 

166 

194 


A 

11 

8 




9 

28 

Total 



71 

53 

9 

8 

13 

40 

194 



TABLE II 


Present Practice in Use of Expansion Joints 


Number 

of 

States 

Location of Expansion Joints 

No General 
Practice 

Piers Only 

Piers and 
i Points 

Piers and 
i Points 

Piers and 

4 Points 

Every 30 Ft. 

Every 

Spandrel 

Connect. 

9 

8 

1 

0 

5 

6 

7 

85 







35 







2 







0 







27 







41 







4 
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These tables summarize the replies of 36 state highway departments 
to a questionnaire. Mr. Timby draws the following conclusions from 
his studies: 

'^1. Forty-three per cent of the bridges built have a span of less than 
100 ft. 

“ 2. Thirty-eight per cent have a span between 100 and 150 ft. 

'^3. Eighty-six per cent are of the spandrel-column type, and fourteen 
per cent are of the transverse spandrel-wall type. 

“ 4. Thirty-seven per cent have expansion joints at the piers only. 

“ 5. Twenty-seven per cent have expansion joints at piers and at the 
one-third points. 

6. Twenty-one per cent allow for expansion at every spandrel 
connection. 

7. Nine states (25 per cent of the replies), representing 44 per cent 
of the structures built, now prefer expansion joints at the piers only. 

8. Eight states (22 per cent of the replies), representing 18 per cent 
of the structures built, now prefer expansion joints at piers and at the 
one-third points. 

9. Five states (14 per cent of the replies), representing 14 per cent of 
the structures built, now prefer expansion joints every 30 ft. 

10. Six states (17 per cent of the replies), representing 21 per cent 
of the structures built., now prefer expansion motion at every spandrel 
connection. 

^^11. Seven states (19 per cent of the replies), representing 2 per 
cent of the st;ructures built, have no general practice. 

12. States representing 44 per cent of the structures built now 
prefer expansion joints at the piers only, whereas only 37 per cent of the 
structures built were constructed in this manner. This indicates a 
swing in favor of expansion joints at piers only. 

13. St-ates representing 18 per cent, of the st/ructures built now prefer 
(expansion joint.s at; piers and at the one-third points, whereas 27 per cent 
of the structures built were constructed in tiiis manner. This again 
indicaf.es a preference for fewer expansion joints. 

14. Stat.es representing 21 per cent of the structures built prefer 
expansion joints at every spandrel connection, and 21 per cent of the 
structures built were constructed in this manner.^^ 

E. Combinations of Girders and Arches 

All sorts of combinations of girders and arches are possible. Such 
combinations have been frequently used in bridge construction abroad. 
In special buildings they arc often a desirable solution and would prob- 
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ably be more used if their analysis were clearly understood. This field 
is too broad for complete development here, but a few suggestions of the 
possibilities are indicated. The most important question here, as else¬ 
where, is just what analyses are worth while, what loadings and moments 
control design. What is wanted, of course, is not an academic listing 
of all possible stresses, but a determination of the controlling sections. 

niustrative Problems — Suggested Studies. The illustrations of 
Figs. 39-42 are merely suggestive. 

Fig. 39 

Rotation at the ends of the arch may occur, but displacement is pre¬ 
vented, except for the negligible compression in girders and columns. 
Moments may then be distributed at once about A and R. The thrust 
lines for rotations about these points should be found and the change of 
horizontal thrust determined by dividing by the lever arm. 

(1) Determine fixed-end moments in arch at A and R. 

(2) Distribute these moments. 

(3) Find the resulting thrust lines and changes of thrust in the arch. 

Fig. 40 

In this case the tied arches usually cannot be treated as absolutely 
rigid. We must use moment distribution in distributing shears. 

(1) Add a false strut RR as shown in (5). 

Determine fixed-end moments at 4, at R, at C, at R, at F and 
at G, 

Distribute these and determine from statics the false forces 
P' and P". 

P' ~ Ws =t (shear in columns DF and HG). 

R" = TF 2 zt TFi =b (shear in columns RR and HG) 

zb (shears at bases of lower columns). 

(2) Determine two sets of shears and corresponding moments for 

forces corresponding to forces P' and P", and by simultaneous 
equations find moments produced by P' and P". Find the 
stress in the strut. 

(3) Remove the false strut, neutralizing it by opposite forces as 

shown in (c). 

Distribute these forces among the columns on the assumption 
that they are fixed-ended. Distribute these fixed-end moments 
and determine what forces the distributed moments actually 
represent. Find the true moments. 

(4) Add all moments as determined in (1), (2) and (3). 
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Fig. 41 

This figure suggests further the architectural possibilities of combina¬ 
tions of arches and girders. The analysis, for wind or gravity loads 
along lines indicated above, presents no special difficulties. 

Combinations of Arches and Rectangular Frames. Where the abut¬ 
ments of the arch rest on rectangular frames, these may be treated by 
the formulas already explained. Thus in Fig. 42 we have at joint C, 
the arch, the column CD and the unsymmetrical r frame ABC. 

The r frame may be treated as an unsymmetrical arch by the column 
analogy. Determine /*, ly, hy and the centroid. From these we de¬ 
termine the thrust stiffness and the thrust line for displacement, and, 
after the neutral point of joint C is located, the thrust line for dis¬ 
tributed moment and the moment stiffness. 



A method to be preferred here is to determine the elastic properties 
of bent A BCD as a whole and treat it as a single member in the analysis. 
In order to do so, proceed as follows: 

(a) Apply unit rotation without displacement at C on frame A BCD 
and find unbalanced Ha and Ma at C. 

(b) Apply unit displacement without rotation at C on frame A BCD 
and find unbalanced Hi and Mi at C. 

We can now distribute unbalanced thrusts at C between arch and 
frame in proportion to their “ thrust stiffness ” (Ha) and find the re¬ 
sulting unbalanced moment (from Ma). Similarly distribute the un¬ 
balanced moment at C in proportion to “moment stiffness” (ilfj) 
and find the resulting unbalanced thrust (from Hi). Repeat to con¬ 
vergence. 

A similar problem is shown in Fig. 43. 
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